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Abstract

Although we have been studying the cosmic expansion since about 100 years, many
unsolved puzzles are yet to be solved. One of the most famous problems is the
so-called Hubble tension: measurements of the Hubble constant Hy, the universe
expansion rate today, are in a 50 tension between direct observations of supernovae
and indirect measures from the Cosmic Microwave Background. Gravitational Waves
(GWs) from Compact Binary Coalescences (CBCs) are emergent cosmological probes
that can help to leverage this tension. Gravitational Waves allow us to measure di-
rectly the luminosity distance of the source, that if provided by a redshift estimation,
can be used to measure the cosmic expansion, including Hy. However, the redshift
can not be directly extracted from the GW signal as it is totally degenerate with
the source masses. Current cosmological analyses using Binary Black Holes (BBHs),
jointly fit for the cosmic expansion and their source mass spectrum. Typically, the
mass spectrum is modeled using analytical prescriptions such as power laws and
Gaussians that could not capture the mass-redshift interplay of BBHs. In this work,
I derive and introduce a non-parametric model based on Normalizing Flows, a ma-
chine learning tool to approximate complex distributions that can accommodate for
non-trivial relations between the mass and redshift of BBHs. Normalizing Flows
trained on realistic simulated catalogs accurately reconstruct underlying population
features, eliminating the Hy bias observed with traditional phenomenological mod-
els. Validation on mock catalogs and astrophysical synthesis catalogs demonstrates
that this approach recovers the injected value for the Hubble constant. I also show
that this methodology can be used to estimate formation channels for BBHs.



Contents

Contentsl

Introduction|

I Scentific F K
[1.1  Observing Compact Binary Coalescences| . . . . . . .. ... ... ..
1.2 Compact binaries as cosmological probes| . . . . . . .. ... ... . .

[1.2.1  Friedmann’s equations and ACDM model| . . . . .. ... ..
[1.2.2  Introduction to Gravitational Wave Cosmology| . . . . . . . .
[1.2.3  Phenomenological model for the masses distributions ot BEHs|
1.3 Latest spectral sirens results|. . . . . . . ... ... ... .. ... .
[1.4  Systematics on the Hubble constant estimation| . . . . . . . ... ..

& H

-
Elomeaeoa

2 Data Analysis Techniques for Population Inference 18]
[2.1 Hierarchical Bayesian Inference with ICAROGW| . . . . . . ... ... 18]
2.2 Normalizing Flows to replace the Parametric Model|. . . . . . . . .. 20)
[2.3  Normalizing Flows architecture| . . . . . . .. . ... ... ... ...

[2.3.1 Masked Affine Transtormations and Neural Spline Flows| . . . [22

[2.3.2  Training and Validation| . . . . .. ... .. ... ... .... 251

|3 Validation of the Methodology| 29|
[3.1 Redshitt evolving population| . . . ... ... .. ... ... ..... 29
13.2  Description of the synthetic redshift evolving catalogl . . . . . . . .. B1
[3.3 Redshift evolving population modeled with Normalizing Flows|. . . . [B4
13.3.1 Calibration of ONE CATALOG architecture and Hg inference| .

13.3.2  Calibration of TWO CATALOGS architecture and H( inference|

4 Cosmology with Synthetic Gravitatioanal Wave Populations| 41l
[£.1 Description of a B-POP catalog] . . . . . .. .. ... ... ...... 411
4.2 Generation of PE posterior samples and injection samples| . . . . . . 44
4.3 Global catalog Normalizing Flows fit| . . . . . . ... ... ... ... 40
4.4 Two catalogs Normalizing Flows fit| . . . . . . . ... ... ... ... 49

4.4.1 Interence on multiplicative factors A . . . . . . . .. ... ..

4.4.2  Combined inference on the Hubble constant Hy and multiplica- |

[ tive factors \;| . . . . . . ..
4.4.3 Inference on Hy using O3 datal . . . ... ... ... ... .. %1}

.5 Summary of the findings . . . . . . . .. .. ... ... ... ... ..




CONTENTS 2
/Conclusions 56!
|Acknowledgments| 58]
IA.1  Gravitational Waves in General Relativity] . . . . ... ... ... .. O
[A.2 Numerical stability of the ICAROGW pipeline|. . . . . . . .. ... .. 62
IA.3 PE posterior samples and injection samples from GWTC-3|. . . . . . 6.3]
[A.4 Normalizing Flows pythonclass| . . . . .. ... ... ... ... ... 641




Introduction

Gravitational Wave (GW) sources are rapidly becoming promising sources to measure
the cosmic expansion. This is particularly relevant, given unsolved puzzles related to
cosmology such as the “Hubble tension” measurements of the Hubble constant (the
expansion rate of the Universe today) differs between direct measurements in the
local universe and indirect measurements with the Cosmic Microwave Background.
Differently from Standard Candles, such as Supernovae, GWs from Compact Bi-
nary Coalescences (CBCs) provide a direct estimate of the luminosity distance to
the source, without the need for electromagnetic distance measurements. Indeed,
when no electromagnetic counterpart is detected, the redshift can be estimated sta-
tistically and inference on cosmological parameters can be performed, especially the
Hubble constant. Recent results from the GWTC-4 catalog, which includes 153
Binary Black Hole (BBH) mergers, report a measurement of Hy compatible with
Cosmic Microwave Background and Supernovae estimates.

The LIGO-Virgo-KAGRA (LVK) collaboration has shown that the primary mass
distribution of BBHs is far from trivial: it features a peak around 33 solar masses,
followed by a sharp decline. Only a few percent of the sources have masses above
45 solar masses. The spin distributions and merger rates also carry astrophysical
information and population studies are becoming very precise thanks to the growing
number of detections.

Despite these advances, population modeling remains a challenge because modeling
compact binaries formation channels is intrinsically complex. Recent works have
highlighted tensions in the literature regarding correlations between binary parame-
ters such as mass, spin, and redshift. These correlations have a non negligible impact
on cosmological inference, yet they are often neglected or oversimplified in current
models.

Inference results on cosmological parameters are highly dependent on the assumed
model for the underlying population of compact binaries. Phenomenological models
such as power laws and Gaussian peaks or broken power laws do not capture the
possible redshift evolution of the mass distribution and this mismodeling can intro-
duce a systematic bias in the inferred value of Hy. This is already visible in real
data: estimates of Hy vary depending on the assumed population model.

This work directly addresses this issue. I developed a method to model the popula-
tion of compact binaries within the ICAROGW pipeline that uses Normalizing Flows,
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which are powerful machine learning techniques capable of learning complex distri-
butions. The goal is to let the model learn the true structure of the population from
data, instead of imposing a predefined shape. Data might come from mock catalogs
or astrophysically simulated fiducial catalogs. This flexibility turns out to be crucial
for accurate cosmological inference.

The thesis is organized as follows. In Chapter [I|I introduce the scientific framework,
in particular I show how CBCs can be used as cosmological probes and the possible
systematics that can be introduced with current parametric models. In Chapter [2]1
present the Normalizing Flows technique, I propose a non-parametric model to re-
place the current parametric models and I implement it into the ICAROGW pipeline.
In Chapter [3]I validate the model using a mock catalog with a redshift evolving pop-
ulation. Finally, in Chapter [4I test the model on an astrophysical synthesis fiducial
catalog by constraining cosmology and population properties with both GWTC-3
and simulated data.



Chapter 1

Scientific Framework

1.1 Observing Compact Binary Coalescences

Compact Binary Coalescences (CBCs) are observed via gravitational wave (GW)
emission. Besides confirming Einstein’s General Relativity, and directly testing it,
populations of CBCs opened a new window to study cosmology and astrophysics.

Gravitational wave events have been collected since the first observation GW150914
on September 14th of 2015 |1]. The Advanced LIGO, Advanced Virgo and KAGRA
(LVK) detectors have been conducting coordinated runs named O1, 02, O3, O4|I|
and collecting data of the signals in Gravitational Wave Transient Catalogs (GWTC).
The most recent and public CBCs catalog is GWTC-4.0 [3|, which contains all grav-
itational wave detection data up to the first part of the O4 run, which ended in
January 2024 and that is called O4a. A total of 158 gravitational wave events have
been detected [4]. Fig. shows the cumulative number of detections as a function
of time. The increased number of detections is due to the increased sensitivity of
GW detectors.
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Figure 1.1: Image taken from [5] showing the cumulative number of observations
during O1, 02, O3, O4a runs. Between each run, all detectors are upgraded and
their sensitivity is increased.

!The last part of the O4 run, which is called O4c, is about to end in November 2025 [2].
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CBCs are typically classified into three categories: Binary Black Holes (BBHs),
Binary Neutron Stars (BNSs) and Neutron Star Black Holes (NSBHs). This classifi-
cation is set on mass boundaries. Sources with masses between 1-3 M, are classified
as Neutron Stars (NSs), while if masses are above 5 Mg, they are classified as Black
Holes (BHs). This classification assumes a perfect knowledge of formation channels
and it is never used when fitting for astrophysical and cosmological properties of
CBCs.

This thesis aims at building new data analysis techniques to jointly infer cosmological
and astrophysical properties of BBHs. In the following sections I will lay the basic
knowledge from which this thesis is beginning.

1.2 Compact binaries as cosmological probes

Cosmology is the branch of Physics that studies the Universe expansion and its evo-
lution on large scales. We will now introduce the background concepts and notation
that are used in this work.

1.2.1 Friedmann’s equations and ACDM model

Observations of nearby galaxies have shown that their spectral lines are system-
atically shifted towards longer wavelengths. This effect, called redshift, increases
with distance and it indicates that the Universe is expanding. In 1929 Hubble and
Lemaitre observed a linear relation between the recession velocity of galaxies and
their distance. This law is known as the Hubble-Lemaitre law and it is valid at low
redshift:

v~ Hyd for 2 50.1 (1.1)

At larger distances, the dynamics of the cosmic expansion must be described with
Einstein’s General Relativity, in particular by the Friedmann equations. Indeed, the
Hubble law can be formally derived from the Friedmann-Lemaitre-Robertson- Walker
(FLRW) metric [6]:

dr?

5z T
— KT

ds* = —dt* + d*(t) [ (1.2)

where k is the spatial curvature, r is the radial coordinate and dQ? = d#? + sin? §dp?
is the infinitesimal metric of the unit 2-sphere. a(t) is the scale factor that evolves
with cosmic time ¢ and it is defined through the redshift:

)\obs _ )\emitt 1

= , = -1 1.
< emitt a(t) ( 3)

where \°P% — \eMitt yepresents the shift in the observed and the emitted spectral lines,
caused by the Universe expansion.

By imposing Einstein’s equations, the behavior of the scale factor a(t) can be found.
It is described by the first and the second Friedmann equations:

(g)sz ok
N D a” (1.4)
a= "5 (p+3p)
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where p is the total energy density of the Universe, including matter (dominant in the
late universe), radiation (dominant in the early universe) and dark energy (dominant
today). p is the total pressure and k represents the spatial curvature of the universe:
k = 0 corresponds to a flat geometry, k > 0 to a closed Universe and k < 0 to an
open Universe.

The density parameter €); for a given component i (such as matter, radiation or dark

energy) can be defined as:
87G Pi

= _ 1.5
‘ 3H3 pi Perit ( )
where pc;it is the critical density:
3H?
- 1.6
Pcrit SnC ( )

In the following, we chose the flat Cold Dark Matter (flat ACDM) cosmological model
in which the spatial curvature is set to £ = 0 and the dominant form of dark energy is
given by the cosmological constant A. The radiation component is neglected. Thus
one can define a dimensionless Hubble parameter as:

2
E(2)? = (iﬁj)) = Qn(1+2)° +Qa

= (1422 4+ (1 -Q)

In order to convert the observed redshift into a distance, we need astrophysical
sources that can act as distance indicators. Standard candles are astrophysical
sources whose intrinsic luminosity L can be accurately measured. By comparing
the intrinsic luminosity with the observed flux of photons from the candles, we can
get a distance measurement using the relation [6] |7]:

L

= (1.7)
47Td2L

where dy, is the luminosity distance, which is a distance that does not change with
the cosmic expansion, indeed it can be used to compare distances and volumes at
different cosmic epochs. dr, is a fundamental quantity since we directly measure it
from standard candles. It is defined as:

c(l+2) [* d2
Hy o E(2)

di(z) = (1.8)

and its redshift derivative is:

ddy(z)  di(z) n c(l+2)
0z  14+2z HyE(2)

(1.9)

The comoving distance d.(z), that represents the distance between the observer and
a source at redshift z, is related to the luminosity distance di, with:

_ di(2)

de(2) 1+ 2

(1.10)
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It furnishes a direct definition for the comoving volume V., enclosed up to a redshift

z.
4

Vile) = 5 md(2) (1.11)
its differential with respect to the redshift is given by:
2
Ve _ 4 de(2) (1.12)

= 47—
dz Ho \/Qp(1+ 2) + Qa

Current Hubble constant estimations use early and late Universe measurements.
Early Universe measurements are inferred indirectly from the Cosmic Microwave
Background by the Planck experiment [8]. Late Universe measurements are based
on Cepheids and type Ia Supernovae and are obtained from the SHyFES experiments
[9]. The measurements estimates different values of Hy, leading to a significant
tension, known as the Hubble tension |10|. Fig. illustrates the Hubble tension by
comparing the evolution through the years of the Hy measurements.
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Figure 1.2: Image taken from [10| which compares the early Universe estimates (in
pink) from the CMB estimation, based on the ACDM model, and the late Universe
estimates (in orange) based on Cepheids and type la supernovae.

1.2.2 Introduction to Gravitational Wave Cosmology

The GW strain of CBCs signals is measured at the detector and it is caused by the
distortion of spacetime produced by the propagation of the GW itself. We provide a
more detailed discussion in Sec.[AT|of GW theory. Both of the two GW polarizations
can be decomposed into an amplitude part and a phase part |11] |7]:

h(tq) = ho(tg,dy) e"laMa) (1.13)

here, for brevity, we have not reported the dependence of the waveform on other
parameters such as spins and sky position. t; represents the observing detector
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time. hg is the signal amplitude and it depends on t; and on the luminosity distance
of the source dr,. ¢ is the signal phase and it depends on ¢4 and on the detector chirp
mass M, which is defined as:

3/5
Mg = d m2d) - (1.14)
(m1a +maq)"/

where m14 and moy are the CBC masses, observed at the detector. This implies that
we can extract from the CBC signal, the direct estimation of My (from the signal
phase evolution) and of dy, (from the signal amplitude).

Since the CBC happens at cosmological distances, then the detector chirp mass is
the redshifted source chirp mass Mg:

Mg =1+ 2)M, (1.15)

Eq.[I.15|clearly highlights a crucial point: it is not possible to disentangle the redshift
from the detector chirp mass. Thus, to use GW signals as standard sirens, additional
redshift information is needed because it can not be determined from the GW signal
itself.

Three methodologies allow us to estimate the redshift, hence allowing to exploit GWs
signals as cosmological probes [7]:

e spectral sirens analysis uses the redshift information coming from the gravita-
tional wave signal itself [12]. It exploits the detector-source mass relation. By
assuming that the mass spectrum of BBHs does not evolve in redshift, we can
jointly fit for cosmology and the mass spectrum itself. This is the method on
which this thesis focuses.

o spectral sirens with galary catalog (or dark sirens) analysis obtains redshift
information using galaxy surveys |12]. This method associates the GW sky lo-
calization with host galaxies catalogs whose redshifts are estimated with spec-
troscopic or photometric measurements.

e bright sirens analysis is allowed only if an EM counterpart is detected, in such
a way that the host galaxy can be identified and the redshift can be measured.
Currently, only one GW event has a measured EM counterpart and it is a BNS
merger, GW170817 [13].

Gravitational Wave cosmology is particularly relevant in the current context of the
Hubble tension as it provides an independent methodology to measure cosmological
parameters and possibly help to better understand the mismatching estimations of
Hy.

1.2.3 Phenomenological model for the masses distributions of BBHs

The detector rate of CBCs mergers can be written as:

AN AN
(A = A
dtd&d( ) ddemlddmgddxdtd( )

(1.16)

where N is the number of CBCs sources in the Universe, A are the population
parameters, 6; are the GW parameters, observed at the detector: the luminosity
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distance dj,, the detector frame masses mi14 msog and the detector time t4. In this
work, the spins y are neglected. The spectral sirens analysis is performed exploiting
the change of variables from the detector frame to the source frame:

mig = mys(1+ 2) (1.17)
mag = mas(1l + 2) (1.18)
dtg = dts(1+ 2) (1.19)

The luminosity distance dy, can be expressed as a function of the redshift z, following
Eq. [I.8 In this way, the CBCs rate becomes:

dN B dN 1 1 (1.20)
ddemlddmgddtd N dzdmlsdmgsdts 142 |Jd_>5‘ -
where the determinant of the Jacobian of the change of variables is given by:
8dL 2
Tiss| = (— 1 ( 1.21
el = | 520+ 2) (1.21)

the derivative of the luminosity distance with respect to the redshift follows Eq.
Expressing the rate as a function of the comoving volume (Eq. , its deriavtive
with respect to the redshift appears and follows Eq. Then, Eq. becomes:

dN 1 I dN ave 1 1 (1.22)
dzdmisdmosdts 1 + 2 |Jgs|  dVedmisdmosdts dz 1+ 2 |Ja s '
By defining the following quantities:
1 dN
— = Dpo sMas| A 1.23
Ndmlsdm25 Pp P(m1 m2 | ) ( )
dN
W Ro¥(z,A) (1.24)

where ppop(mismas|A) is a normalized prior distribution for the primary and sec-
ondary CBCs masses. Ry is the CBCs merger rate per year and comoving volume.
U(z,A) describes the rate evolution in redshift, and it is such that ¥(z = 0,A) = 1.
Note that A represents the population parameters, but each distribution (e.g. the
masses distribution or the redshift distributions) depends on different subset of these
parameters. For simplicity, they are denoted as A, but they vary depending on the
quantity and they never intersect.

The final CBCs rate can be written as:

dN dve 1 1

—R smas| AW (z, NS = 1.25
Jdy drgdmandiy 10 Prop(mismas| AW (2, A) T2 (1.25)

It is worth noticing that the masses distribution does not depend on the redshift.
When modeling ppop, one can choose analytical parametric models such as com-
bination of Broken-PowerLaw and Gaussian Peaks [14]; this approximation is the
so-called phenomenological model. For some of the benchmarking in this thesis, we
adopt the POWERLAW + PEAK model.
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The joint prior distribuiton for the primary and secondary source masses takes into
account the fact that the secondary mass is by definition smaller than the primary
mass. The joint distribution is thus given by the product of the prior of the primary
mass and the conditional prior for the secondary mass, given the primary mass:

T (mls,mgs‘/\) =7 (mls|A) s (mgs|mls,A) (1.26)

The prior for the primary mass can be chosen to be a mixture of a truncated POWER-
LAW and a Gaussian PEAK, weighted by the mizture fraction ¢. On the other hand,
the conditional prior for the secondary mass is given by a truncated PowerLaw:

™ (m1s ‘ Mmin, Mmax, a) = (1 - ¢) P (mIS ‘ Mmin, Mmax, _a)

(1.27)
+ ¢ g[mminymmax} (mls | Hy U)
m (mQS‘mmin’mlsvﬂ) =P (m28|mminam15)6) (128)
where
% i Mpin < T < Mmax
P(x‘mminammax,a) = Nrer . @ (1,29)
0 otherwise
_(a—w?

€ 22 if i <T<m

g[mmin:mmax] ($|/’LU) = NGam min max (130)
0 otherwise

here, Np; and Ng are the two normalization factors that can be found in [15].
A smoothing factor can be applied to gradually suppress the low mass end of the
distribution at its minimum to obtain a smoother transition instead of a steep cutoff.
It is implemented with a sigmoid window function with smoothing parameter d,, [15].
A visualization of this model can be found in Fig.

—— sampled population

log (my/Me)

log (m1/Mo) log (m2/Mo)

Figure 1.3: Samples for the BBH primary and secondary source masses distribution
following the phenomenological model POWERLAW + PEAK (Eq. . We chose
the parameters to be compatible with the GWTC-3 results |16]: o = 3.78, § = 0.81,
Mmin = 4.98, Mmax = 112.5, p = 32.27, ¢ = 3.88, A = 0.03.
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1.3 Latest spectral sirens results

In this section I summarize the most recent cosmological results, obtained with the
spectral sirens method on the GWTC-4.0 catalog |17].

The spectral siren analysis was based on different parametric descriptions of the pri-
mary source mass. In particular, two phenomenological models were employed: the
POWERLAW-+PEAK and the MULTI PEAK, in which the latter is given by a power law
and two Gaussian peaks, instead of one.

These models, as all current parametric models, are not assumed to evolve in redshift.
Indeed, in spectral sirens method, redshift information comes from the fraction of
events lying near sharp features in the source frame mass distribution. These sharp
features are the Gaussian peaks or the high mass cutoff. They provide stable refer-
ence points in the mapping between the detector and source frame masses.

The latest GW cosmology study [17], as well as the previous study on the GWTC-3
catalog [13], show that, in spectral analysis, the Hy estimation is strongly influenced
by the choice of the population model. Indeed, Fig. shows the difference in the
Hj estimations, obtained assuming the POWERLAW-+PEAK and the MULTI PEAK. In
particular, the POWERLAW+PEAK pushes Hy to higher values and this is caused by
the single peak, that alone is unable to correctly model the population.

Impact of mass modelling

0.025
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20,0201 iHOES
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Figure 1.4: Image taken from [17]|, showing posterior distributions for the Hubble
constant obtained with the spectral sirens method. Different population models were
used for the primary mass distribution: the POWERLAW+PEAK in purple the and
MULTI PEAK in yellow. The blue line represents the FULLPOP-4.0 model, which
models the full CBCs population and that we do not focus on in this work.

For completeness, we also report the best results found in the latest cosmological
study [17], in which Hy was estimated using 142 GW events (141 dark sirens and 1
bright siren) from the GWTC-4.0 catalog. At the 68.3% credibility interval, Hy was

constrained to:
Hy = 76.61‘5?’5‘0 km s._lMpc_1 (1.31)
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To conclude our discussion, we also report the results of the latest population stud-
ies on the GWTC-4.0 data [4]. Different parametric descriptions of the source frame
primary mass distributions were chosen for the BBH masses distributions. In partic-
ular, the best models were the BROKEN POWERLAW + 2 PEAKS and a more flexible
model called B-SPLINE, which we will not focus on in this work. Fig. shows the
merger rate as a function of the primary source mass, described by the two best
parametric models. Finally, they are compared with the fiducial model of GWTC-3,
the POWERLAW-PEAK |16].

—— B-SPLINE, GWTC-4.0
_ 10"+ —— BROKEN POWER LAW + 2 PEAKS, GWTC-4.0
IEG ¥ N R T R POWER LAW + PEAK, GWTC-3.0
7100 4
5
™
‘Q
[oN
&
g
3
~
@ 1072
5
10-3 | . . . . . S - '
0 10 20 30 40 50 60 70 80 90
my [Mo}

Figure 1.5: Image taken from [4] showing the BBH merger rate with 90% credible
interval as a function of the primary source mass. Three parametric models are
considered: the BROKEN POWERLAW + 2 PEAKS, the B-SPLINE and the POWERLAW
+ PEAK. The latter was the best model found in GWTC-3 population studies [16].

The source mass spectrum shows some interesting features [5]:

e the majority of black hole mergers are measured for small primary masses and
the merger rate drops as the primary mass increases;

e the presence of BBH in the “ forbidden” 50 — 100M, pair-instability gap which
is a stellar mass range where electron and positron pair production triggers
the complete disruption of the star, preventing the formation of BHs [1§]. A
possible explanation to the population in the gap are the so-called dynamical
mergers, which are formed in dense stellar environments and possibly include
also hierarchical mergers. The latter are consecutive mergers of BHs formed
in previous coalescences (first generation BHs). These second (or higher) gen-
eration BHs can reach masses above the pair instability gap threshold, thus
accounting for the observations;

e the abundance of BBH mergers with primary mass ~ 35Mg, represented by
a Gaussian peak. The peak can be explained by the pulsational pair instabil-
ity supernovae (PISN) [19], which are very massive stars that, without these
pulsations, would have retained enough mass to fall into the pair instability
gap. Instead they undergo mass ejections before collapsing, resulting in an
accumulation of BHs around ~ 35M. We remark that the association of the
35M¢ peak to the PISN is still speculative and under debate.
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1.4 Systematics on the Hubble constant estimation

A recent study (see |20]) has shown that systematic biases in the Hj estimation
arise when astrophysically synthetic BBH populations are modeled following phe-
nomenological models, thus without considering the possible redshift evolution. In
the study, GW signals are simulated from a fiducial astrophysical synthesis catalogs
and the Hubble constant Hy is estimated with hierarchical Bayesian inference using
the spectral siren method, assuming three different parametric models for the BBH
masses: the BROKEN POWER LAW, the POWERLAW + PEAK and the MULTI PEAK.

The first analysis they conducted was to consider BBH populations from the the
POWERLAW + PEAK model, but including a linear evolution in redshift of the Gaus-
sian peak with slope ,u; - ,ug, where ,ug and ,u}] represent the position of the Gaussian
peak respectively at z=0 and at z=1. Seven different values of ,u; were considered
and Hy was inferred using hierarchical Bayesian inference for all 7 values. Inference
results can be seen in Fig. [I.6] and they show that the redshift evolution of the peak
can strongly bias Hy, even if the redshift evolution is very light.

Best Linear Fit

' 90 L
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25 27 29 31 33 35
Ué [Mo]

Figure 1.6: Image taken from |20] showing the different Hj estimates with respect to
the Gaussian peak position at ,u; at z=1: as the peak position moves towards higher
masses, the bias on Hj increases.

Fig. shows the evolution in redshift of the synthetic catalog that was employed
in the study. The overall shape of the distribution changes as the redshift increases
and some peaks appear and shift, thus systematic effects are expected since the para-
metric models do not take into account that redshift evolution and do not model the
more fine structures of the distribution.

Simulating ~ 2000 GW detections from the synthetic astrophysical fiducial catalog,
the study showed that the inferred Hy value can be biased up to 30, as Fig.[1.§ shows.

The study concluded that the bias is caused by the oversimplified phenomenological
models that do not take into account:
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e The redshift evolution in the mass spectrum, which is expected because the
BBH populations are likely to evolve over cosmic time |7].

e Sharp features in the mass spectrum.

This causes a mismatch between the real BBH astrophysical population and the cho-
sen parametric model. The study suggests that future GW cosmology should make
use of population models that are able to capture those features, otherwise large GW
samples will cause systematically distorted measurement of Hy. Up to GWTC-4.0,
no significant redshift evolution is measured in the observed population because a
better sensitivity in GW detectors will be required .

Redshift

j _
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m3 [Mo]

Figure 1.7: Image taken from showing the evolution in redshift of the primary
BBH source mass, from a synthetic astrophysical fiducial catalog.
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Figure 1.8: Image taken from showing the biased posterior distribution for Hy
that are recovered when the synthetic catalog is modeled with the BROKEN POWER
LAW (in purple), the POWERLAW + PEAK (in light blue) and the MULTI PEAK (in
green).
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In the study that we have just discussed, an astrophysical synthetic BBH catalog was
used. Indeed, synthetic BBH catalogs are simulated by astrophysicists in order to
recover the BBHs formation channels [18], this is why they are fiducial catalogs. Ev-
ery simulation is achieved assuming that different astrophysical processes give rise to
two main formation channels: the isolated binary evolution (static) and the dynami-
cal channels. To avoid systematic biases when modeling those simulated population
with phenomenological models, our aim is to implement machine learning tools ca-
pable to fit the mass and redshift relations predicted by those synthetic codes and
see if the bias is corrected.

There is an extensive literature about the formation channels, here we just provide
an overview on how these formation channels are used when parametric mass models.
The first one is regulated by binary stellar physics, while the second one is governed
by few body gravitational interactions:

Time Time
. . MS - MS - . MS - MS
N CHeB - MS
4 \. 7"~  inROCHE cHeB - MS
e % Lo [ ] N
\ 28N /" OVERFLOW
\ 4 ~ /
_— -
[} » BH - MS
® ’ BH-MS
BH - CHeB Y 8 3- BODY
@ in COMMON ENCOUNTER
ENVELOPE
1S COMMON ENVELOPE EJECTED? /
.
’/YES \ no . / EXCHANGE
(X ] @®  BH-Hecore
° :\. HARDENING
@@ BBH ® SINGLE BH
MERGER
! @ MERGER \ o

Figure 1.9: Image taken from [18] showing the evolution of the two main BBH
formation chennels: on the left the isolated binary formation channel, on the right
the dynamical formation channel.

e Isolated binary channel evolution: BBHs form from the evolution of massive
isolated stellar binaries and it is expected to dominate in low density environ-
ments. The evolutionary path is depicted in the left panel of Fig. and it is
explained as follows:

1. the process starts with two massive stars on their main sequence (MS);

2. as one of the two stars evolves off the MS, it enters into its giant phase
by expanding and filling its Roche lobe, which is the region within the
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orbiting material is gravitationally bounded to the star. When the stellar
radius exceeds the Roche lobe radius, mass transfer to the other star
occurs (Roche lobe overflow);

3. the giant collapses into a BH;

4. when the other MS star enters its giant phase, the common envelope (CE)

6.

phase starts in which the BH and the helium core of the other star are
both in the same envelope of gas;

. when the CE is ejected, the loss of orbital energy and angular momentum

leads to a tighter binary, evolving in two closer BHs. If the CE is not
ejected, the binary merges creating a single BH;

a BBH is formed and will merge producing a GW emission;

e Dynamical channel evoluiton: BBHs form through a three body hierarchical
capture and this is the reason why they dominate in dense stellar envirnon-
ments. The dynamical channel evolution path, represented in the left panel of
Fig. is the following:

1.

initially, in a binary made of two stars in their MS phase, one of the two
stars evolves into a BH;

. in dense stellar environment a three body interaction can occur when a

single BH interacts with the binary;

. these interactions lead to a an exchange in which the single BH replaces

the MS stars, forming a BBH system;

. following encounters with other stars or binaries further harden the BBH

system, making it more tightly bound. The BBH will eventually merge
and emit GWs.

The three most relevant types of clusters are |18, 21]:

Globular clusters: they are old and dense systems (central density pc >
10*Mope=3), containing > 10° M, stars with aged ~ 12Gyr. Their age
implies low metallicities, which favor the formation of more massive BHs
due to weaker stellar winds. They represent the < 1% of the baryonic
mass of the Univese, this is why they are the most important dynamical
formation channel.

Nuclear clusters: they are located at the center of galaxies where stars
reach up to 10°-10% M), causing the presence of supermassive BHs.

Young clusters: they are < 100 Myr old and contain > 10*M, stars

(pc > 10°Mgpc?).



Chapter 2

Data Analysis Techniques for
Population Inference

In order to extract astrophysical and cosmological information from gravitational
wave observations, a set of statistical and computational tools is needed. In this
Chapter I will describe the data analysis techniques implemented in this work, which
combine hierarchical Bayesian inference and the machine learning technique of Nor-
malizing Flows. Firstly, I will present the ICAROGW pipeline, which allows for hier-
archical Bayesian inference, and then I will focus on the non-parametric modeling of
the BBH masses and redshift distributions with Normalizing Flows.

2.1 Hierarchical Bayesian Inference with ICAROGW

The detection process of CBCs can be described as an inhomogeneous Poisson pro-
cess. Its likelihood is the hierarchical likelihood:

Nobs

dN
_Nex A .
L{z}|A) xx e Nexo(A) 1:[1 /E(:vlye,A)M(A)dth (2.1)
N (A) Nobs dN
o New 1;[1 T / L(il6,A) S (A)d0 (2.2)

where 6§ are the GW parameters, while A are the population parameters. £(z;|0, A)
is the single-event likelihood, in which ¢ runs on the number of observed GW events
Nobs - %(A) is the rate, which describes the number of CBCs as a function of the
astrophysical and cosmological parameters. Finally, Ney, is the expected number of
events.

The hierarchical likelihood in Eq. can not be calculated analytically. Therefore,
currents methodologies allow for numerical techniques to obtain an approximated
value of it. My work is developed inside ICAROGW EI [15], an official LVK pipeline,
aimed at infering population and cosmological properties from GW observations. I
will now discuss each component of Eq. and the way they are computed.

Thttps://github.com /simone-mastrogiovanni/icarogw
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e The integral of the single-event likelihood is computed using a set of Ny pa-
rameter estimation samples (PE) from GW signals, which contain information
on the source parameters. Every detected GW event is affected by measure-
ment uncertanties on the binary parameters and they are taken into account
by drawing from the event posterior distribution:

p(0)zi, A) o< L(x;|0, N)7wpr(0|A) (2.3)

where 7pg(0|A) is the samples prior.

To obtain an approximation of the integral, a Monte Carlo integration sum can
be performed over the PE posterior samples:

Nsi
AN C Tasx2 1 AN
[ tailo,n) 5o (s = Voo Zry | Y
- 1,7

e The number of expected events takes into account the selection bias and it is
computed using a set of injections. Injections are simulated signals that are
tested with the detector sensitivity to check which would be detectable. They
correct the selection bias that arises from the fact that the detector has a
given sensitivity, which implies that only some CBC signals are detected with
a detection probability given by:

pdet(97A) = / »C(ZL‘ZW,A) dx (25)
xEdetectable

The number of expected events Neyp can be defined as:

dN
NeXP(A) = Tobs/pdet(9 A)——db (2.6)

dtdd
in which T} is the observation time (measured in yr). The integral is approx-
imated with a Monte Carlo integration over the injections samples:

Ts o~ 1 dN

Ngen Tinj(0;) dtdO |
J

N, exp —

(2.7)

=1

In Sec[A-2] we show two stability estimators for the two Monte Carlo integra-
tions.

Finally, Eq. can be written as follows:

Naet N, gen Naet

log (L({z}|A)) Obs Z sj + Z log Obs, Z W, (2.8)

Since the logarithnﬂ of the hierarchical likelihood is equal up to a constant, if that
constant does not depend on the population parameters that can be inferred, the

2In this work, we indicate the log to be the logarithm in base e.
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shape of the posterior and the location of its maximum are preserved. That’s why a
scale-free hierarchical likelihood can be defined, in which the normalization factor is
neglected.

If a non informative prior distribution (Jeffreys prior [22]) for parameter space, i.e a
prior free distribution is assumed for Neg(A), then:

1

™ (Nexp(A)) = Nexp(A)

(2.9)

Then the likelihood in Eq. [2.2]can be marginalized over Ney,, and it takes the following
form:

Nobs | L(xi10, A)dtde(A)d9

L{z}[A)
ZH1 J paci (0, M) 415500

(2.10)

2.2 Normalizing Flows to replace the Parametric Model

The central idea of this work is to replace the complex astrophysical distributions,
namely the CBCs merger rate, with a Normalizing Flow, which is trained using BBH
masses and redshift samples from BBH synthesis catalogs.

Eq. is computed in the following way:

dN ( )d‘/c 1 1 Nastro
= m m Z)—
ddpdmigdmaadty N T T [Ts] Tons

(2.11)

where pNp(mis, mas, z) is a probability assigned to the values mqs, mos, z obtained
by training on samples coming from mock or astrophysical catalogs and Nagtro is the
number of astrophysical events.

In the case in which the mock catalogs contain two formation channels, we can also
define a composite rate by defining a mixture parameter ¢ [23]:

dN
ddL dmld dm2d dtd

POP1 POP1
¢ PNE (m18>m287 ) Nabtro

+ (1= ¢) PR 2 (m1s,mas, z) Nogito”

astro
dv. 1 1 1
dz 1+ 2 |Jd_>5’ Tobs

(2.12)

However, we should not limit ourselves to two formation channels. Let us assume
that we are given with Ngpannels- Then, the BBH detector rate, can be written as the
sum of the rate of the single channel, each of which is multiplied by the multiplicative
factor \;, with i € [1, ..., Nchannels). Here, A; are not normalized quantities such as ¢,
indeed they are coefficients that regulate the abundance of the single channel. Thus,
we can write the detector rate as:

Nchannels
dN , av, 1 1 N?
— i 7 astro 2.13
ddpdmyqdmaqdty i Php(mas, mas, 2) dz 1+ 2 |Jas| Tobs (2.13)

=1
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The astrophysical catalogs that we used in this work sampled the redshift from the

distribution:
dv. 1

dz 1+ z

where Ry is the CBCs merger rate per comoving volume per year. Then, by defining
R(z,A) = Rg¥(z,A), the CBCs rate in the case of one channel can be written as:

Ro U(z,A) 2 (2.14)

N o
ddr, dmigdmogdty — |Jg—s|

pNF(mls; mas, Z)

1 dV,
// dzdmis dmas ppop(mis, mas | A) R(z,A) —— 5>
- (mys, mas, 2)
- ’Jd—>$| DPNF 1sy 1125,
1 dV,
S S (o) S S A A
/dm1 dmas Ppop(Mis, Mas | /dsz )1—1—2 7
" e )
= 7 m S m Sy z
[Tamss] T
1 dV,
- [ dz R(z, A - 2.15
[z ) (2.15)
The number of astrophysical observations Nt is obtained through:
1 dV,
N, ro — “Lobs dz R 7A 2.16
astro b/ Z (Z )1—|-Zd2’ ( )

While the expected number of detections Neg;, follows Eq. It will be smaller
than N0 because it takes into account the detector selection bias:

1 dV,
Nexp = Tobs/dmls dmog pdet(mlsamQSaz) pNF(mls,m237Z) m ch
1 dV,
dz R(z, A 2.17
/ 2Rz A 7 14+2 dz ( )
If we extend the result in the case of multiple catalogs:
Nchannel
dN 1 - 1 dV,
= Ai P dz R'(z, A
ddrdmigdmagdty | Jaos| ; i PAp (s m2s, 2) / R
Nchannel
1 , Ni
= |Jd_>s| Z >\i pﬁp(mls,mgs, ) —_astro (2.18)

i—1 Tobs
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2.3 Normalizing Flows architecture

Normalizing Flows (NF) are unsupervised generative machine learning models that
can estimate the probability density function of a distribution, given samples from
that distribution as input. They work applying a sequence of invertible and differ-
entiable transformations that map a simple base distribution into the target one. In
this section, I will describe the specific NF architectures that I used in this work:
Masked Affine Transformations and Neural Spline Flows. Finally, I will show the
way they are build to efficiently model the joint distribution of the BBH source frame
masses and redshift.

2.3.1 Masked Affine Transformations and Neural Spline Flows

Let Z € RP be a random variable with known probability density function (pdf)
pz : RP = Rand let X € RP be a random variable with unknown pdf px : RP? — R.
Z is called the latent variable, while X is the observable variable. If there exists a
diffeomorphismﬁ f:RP = RP with inverse f~! such that

z = f(2) (2.19)
z=fYx) (2.20)
then, px is obtained from pyz using the change of variable formula:
px () = pz(f~(2)) |det Ty ()| (2.21)
= pz(2) | det Jf(z)|_1 (2.22)

where J¢(2) = 9f(z)/0z is the Jacobian matrix of f at z and z = f~1(z) [24].
There are many ways in which the function f and its inverse f~! can be built. In
general, f can be a potentially complex mapping, so it is not practical to parametrize
it directly. Indeed, f is decomposed into a sequence of simpler transformations. I
chose to work with the Masked Autoregressive Flow (MAF) [25]| architecture, in
which the D-dimensional mapping is defined coordinate by coordinate. Rather than
constructing a single transformation f that acts on the entire D-dimensional vector,
f is a built using scalar bijections h, each of which transforms only the component
z;. The scalar map is the following:

h(:O):R >R (2.23)

it is a strictly monotonic and invertible function. It takes as input a single latent
variable z; and the parameters ©. It outputs the transformed observable variable x;.
For each dimension ¢, the parameters ©; are generated conditionally on the previous
coordinates (z1,...,2;—1). This is done by a neural network called the conditioner,
because it conditions the transformation h on the previously transformed variables.
Then, an autoregressive layer T : RP? — R”, can be written as:

Tr; = h(zi; ei(xlzi—l)) 1= 1,...,D. (2.24)

3i.e. f and its inverse f~! are both differentiable.
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In Fig. 2.0 the autoregressive architecture of a single layer MAT is schematically
shown.

<1 /‘

76) ®i -~

= |\
h(z;;©;) R

D D

Figure 2.1: Architecture scheme of a MAT transform acting on the i*® component of
the latent variable z;, with ¢ € [1,.., D]. The scalar bijection h is built conditioned on
the previous outputs. The parameters ©; of the transformation are computed with
a neural network. The composition of all the scalar bijections in every dimension
defines the invertible transform f.

In this work the observable variables are the BBH source frame masses and the
merger redshift. Thus, for D = 3, the autoregressive layer has the following explicit
form:

I = h (21; @1())

T = h (2’2; @2(1‘1)) (2.25)

x3 = h (z3; ©3(w1,22))

Since each output x; depends only on z; and on the already computed outputs x;,
the Jacobian Jr = 0z/0z is lower triangular and the absolute value of its determinant
factorizes as the product of the diagonal entries:

(9317Z
| det Jp (= H‘ -

a’«’z h(Zz, @i(xl;i_l)) ’ (2.26)

This makes the logarithm of the determlnant very efficient to evaluate. The final
transformation f is obtained as the composition of multiple such autoregressive lay-
ers T

The scalar bijection h must be easy to invert and differentiate. This ensures that
the map between the latent variable z and the observable variable z is efficient.
Moreover, having a simple derivative allows to compute the Jacobian determinant
quickly and accurately. It is sufficent therefore to provide the explicit expressions of
the scalar map h(-; ©), its derivative 9,h, and its inverse h~! in order to compute
Eq.

The easiest scalar bijection h that can be chosen is an affine transformation whose
parameters are computed using a conditional neural network:

h(2i; ©i(1:-1)) = pi(T1:-1) + 0i(T1:-1) 2 (2.27)
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with o;(21:,-1) > 0 in such a way that monotonicity is ensured. This choice is
computationally efficient since the derivative and inverse are analytical and easy to
invert and differentiate:

oh
% = Ui(xlii—l)y (2.28)
Y (s ©;) = S HilTic1) (2.29)

Ui(l'l:ifl)

This architecture works well with unimodal and simple distributions.

Another choice that can be made are Neural Spline Flow (NSF) |26|. In this case, the
scalar bijection h is defined using piecewise rational quadratic spline (RQS), which
works better with multi modal and complex distributions. For this architecture,
the input is divided into K bins E| and in each of them, a monotonically increas-
ing rational quadratic function is defined and it takes the form of the ratio of two
quadratic polynomials. The bin boundaries are given by K + 1 coordinates called
knots: {(u®), v(k))}fzo where u(®) is the input of the spline and v*) is the output.
If a single bin k is considered with domain knots {u(),u(**1D} and corresponding
image knots {v(® v(*+1D} then a local coordinate can be defined

— u®)

€= g € 0.1] (2.30)
where Au) = 4F+1) — 4(#) and Av*F) = p*+1) — (®) In the range {(u(?),v(0)} =
(=B, —B) and {(u), v} = (B, B) the knots monotonically increase. The de-
fault value for the boundaries is B = 5, which implies that the spline is applied only
in the interval [—B, B]. Thus, variables need to be correctly normalized in such a
way that the distribution fits within that interval. Outside of the spline range, linear
tails are used. In every bin, the knot derivative is defined and set positive {§(*) £<:—11
and at the boundaries 6 = §(%) = 1 to match the linear tails. Fig. shows a
plot of the monotonicity of the spline and of its inverse, of the spline itself and of its
linear tails.

sk = Ao® (2.31)
In each layer of the transform, the neural network conditioner estimates the input,
output and derivative of the spline: (u(k),v(k),é(k)) = O;(x1:4-1). In each bin the
RQS scalar map is written as a quotient of two quadratics in the local coordinate &:

= h(z0) = v 4 Ak N(E) (2.32)

D(¢)
with

NE =s® e+ 5" ¢1-¢)
D(&) = s ¢ (5(k+1) + 5k — Qs(k)) £(1—¢) (2.33)

4The number of bins that has been used in this work is K = 8.
5Here, the coordinate index ¢ is omitted to lighten the notation.
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It can be shown [26] that:

dn (") [5(’““){2 +25Me(1 =€) + 60 (1 - 6)2}
dz [s) 4+ (5D 4 6() — 250) £(1 — €)]”

(2.34)

Finally, the inverse can be found inverting analitically Eq. [2.33]

—— RQ Spline

B Inverse

e  Knots

B B
= 0 =
> >
1
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-B 0 B -B 0 B

Figure 2.2: Image taken from [26] with K=10 bins showing the RQS bijection h, its
inverse and its derivative. The notation is different since in the paper formalism the
input domain is = and the bijection is gg(x). It is clear that they are continuous
functions and that thanks to the knots, multi modality distributions are likely to be
well modeled.

2.3.2 Training and Validation

I have employed two different Normalizing Flows models: the first one uses the
easiest Masked Affine Transformation model, described in Eq. 2:27] to fit simpler
unimodal distributions and it utilizes the nflows |27] library. The second one is a
NSF and it works better for multimodal, complex distributions; it uses the zuko
[28] library. Two python classes, both called one_catalog_wrapper, were built to
be compatible with the ¢carogw pipeline. In the case of two populations, the class
two_catalogs_wrapper was build in such a way to follow Eq. The classes are
reported in Sec. [A.4]

What follows is the step by step description of the train and test of the flow and
the estimation of the pnp(mq,ma, z), needed to compute Eq. For both mod-
els, the constructor takes as an input a dictionary containing the binary parameters
(my, mg, z) and stacks them into a matrix X. Then, for every variable, the mean p
and the standard deviation ¢ are computed and the normalized variables are found
with (X — p)/o. Data are split into train (80%) and validation (20%) sets.

The models are build with a given number of transformations and a given width of
the neural network that estimates the transformation parameters. Both flows are
trained by miminizing the negative log likelihood (NLL) on the normalized data. In
each iteration during the training, a random mini batch of size B is drawn from the
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training set, and the loss function is computed as:

B
1
L=-% izllogmyz-) (2.35)

where py(y;) is the probability assigned by the flow with parameters € to the sam-
ple y;. Minimizing the NLL is equivalent to minimize the Kullback Leibler (KL)
divergence [29]. This implies that the flow is trained in such a way to fit the data
distribution as close as possible.

After the loss is computed, the backpropagation is performed: the gradient of the
loss is computed with respect to the neural network parameters 6 that define the
transformation inside the flow. The gradient shows how much each parameter con-
tribuited to the error and in which direction it should be adjusted to minimize the
NLL. The optimizer that we chose for the backpropagation is Adam (Adaptive Mo-
ment Estimation) [30] that works with a given learning rate which determines the
size of each update step: if it is too large, the training may diverge, if it is too small,
the training becomes less efficient.

After each update, the model is evaluated on the validation set and the validation
NLL is computed. A learning rate scheduler reduces the learning rate when the vali-
dation loss stalls and an early stopping stops the training if after several consecutive
iterations there is no improvement; the number of consecutive iterations is called
patience. The best validation loss parameters are kept and saved as the best model.
To have a direct evaluation of the performance of the flow, we implemented two
diagnostics procedures [31]:

1. The training history of the flow is visualized with a plot that shows the training
and validation losses as a function of the iteration number. The plot provides
a check of the behaviour of the flow during the training process. In a well
performing model, the training loss is ecpected to decrease steadily and to
eventually plateau, while the validation loss should follow a similar trend and
stabilize around a value close to the training one. The training loss typically
shows large oscillations, while the validation loss appears to be much smoother.
This is a consequence of the optimization procedure. The training loss is com-
puted at every step over a random mini batch of the training set, which provides
only a noisy estimate of the full loss, then introducing significant variance. On
the other hand, the validation loss is always evaluated on the entire validation
dataset and this implies a stable estimate of the NLL, resulting in a much
smoother curve.

2. The best value of validation loss, the best value of train loss and their absolute
difference are computed. They are extracted from the best model, which is the
model that corresponds to the minumum validation loss. A well trained model
is expected to reach comparable values of train and validation loss, with a small
absolute difference. If the validation loss stops decreasing and the training loss
continues to improve, then the model is overfitting: it is “memorizing” the
training set without capturing the true distribution, thus it can not be used as
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a predictable model. On the other hand, if both losses remain high and do not
decrease during training, the model is underfitting, meaninig that it has not
learned an accurate representation of the data. Therefore, the printed values
give a diagnostic of both the quality of the fit and the generalization capability
of the flow.

The NF returns the estimation of the combined pdf of the three variables my, mo
and z. To correctly take into account the change of variables from the normalized
space to the observable space, the following change of variables correction is applied:

3
logpx(x) = logpz<x;—“> — Zlog oj (2.36)
j=1

The nflows models is faster and simpler since it does not include the learning rate
scheduler. An example of the two Normalizing Flows architecture follows.

In Tab. and Tab. two examples of the architectures of the zuko and nflows
models are showed. In particular, the input and output features of every layer of the
transformation are summarized. For both models, the example reports a Normalizing
Flow with 3 layers and 20 hidden features, in such a way to better understand the
architecture differences between them.

zuko model architecture

input features output features
layerl MaskedLinear 3 20
ReLU 20 20
MaskedLinear 20 69
layer2 MaskedLinear 3 20
ReLU 20 20
MaskedLinear 20 69
base distribution: 3D diagonal Gaussian

Table 2.1: Architecture of the zuko model in which every layer is made of three
transformations. In the first one, a MaskedLinear neural nework |25 maps 3 input
features into 20 hidden features. A nonlinear activation (ReLU) [32] follows. The
final transformation outputs 69 features, which correspond to the parameters of the
RQS. For each variable, 8 bin widths, 8 bin heights and 7 derivatives at the internal
knots are computed (the derivatives at the bounary knots are fixed, as discussed
in Sec. . The 23 parameters for all the 3 variables are equal to a total of 69
parameters, that the neural network computes.
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nflows model architecture

layerl MaskedLinear
ReLU
MaskedLinear

layer2 MaskedLinear
ReLLU

MaskedLinear

input features
3
20
20
3
20

20

output features
20
20
6
20

20

base distribution: 3D diagonal Gaussian

Table 2.2: Architecture of the nflows model in which every layer is made of three
transformations, just as in the zuko model. In this model, the final transformation
output features are equal to 6. For each of the 3 input variables, the 2 affine trans-
formation parameters, described in Eq. are computed by the neural network,
thus having a total of 6 parameters to be computed.



Chapter 3

Validation of the Methodology

Before applying the developed framework to synthetic BBH distributions, it is crucial
to validate the model to the parametric BBH distributions that have been shown in
literature to be able to introduce a systematic bias on the estimation of Hy. In
this Chapter, I introduce a simulation pipeline for benchmarking gravitational wave
population analysis. We then use this pipeline to study if Normalizing Flows can
approximate populations models from redshift evolving distributions.

3.1 Redshift evolving population

The POWERLAW+ EVOLVING PEAK mock catalog was generated by constructing a
python class compatible with the ICAROGW pipeline. The combined probability
density function for the primary masses and redshift distribution is:

Ppop(m1, M2, 2) = p(m1 | z) p(ma | m1) p.(2) (3.1)

Firstly the primary BBH source mass m; at a given redshift was assumed to be the
mixture of a smoothed power law and a truncated gaussian:

p(milz, A) = ¢ ppE2°" (mal A) + (1 = ¢) pa(malz, A) (3.2)

where the POWERLAW term follows [15]:

W(m
PREC™ (ma|A) = ppr(ma|A) N< ) (3.3)
smooth
in which
e ppr.(m1|A) is the pdf of a stationary power law between [mpin, Mmax]:
m—a
mi|A) = 1 3.4
ppr(mi|A) Now(a) (3.4)
here, Npy, is the power law normalization constant:
l—a _ 1«
Npp(a) = Tmax = Tnin ifa#1 (3.5)
1l—a
NpL (@) = log (mma"> if o =1 (3.6)
Mmin



3.1. Redshift evolving population

30

e W(my) is a piecewise window function that transitions from 0 to 1, ensuring a

smooth low masses cutofl:

0
W(m) = [1 + exp (m_‘sgfmm m—miﬁ—am
1

m < Mumin,

—1
)] Munin < M < Mupmin + 0M,

m > Mmpin + 0M.
(3.7)

® Msmooth takes into account the renormalization of the pdf after applying the

smoothing window:

)
-/V'smooth = /
M 1min

ppr(mi|A) W(my) dmy

(3.8)

The EVOLVING PEAK term is a truncated Gaussian with lower truncation at mmpin

and upper truncation at oo; it follows [33]:

exXp [— (m1 — M(Z))2

! (3.9)

1
V2o o?

p(;(mllz, A) =

here:

1—cﬂ<ﬂmgﬂ§>

(e

e 1(z) is the mean value of the Gaussian that evolves linearly with redshift z:

1(z) = zp1 + o

(3.10)

e cdf(t) is the truncated gaussian cumulative density function:

[t exp(—t7/2)
e = [

dt’ (3.11)

The secondary BBH source mass mg is a truncated power law on [mmyin, m1] with a

low mass smoothing:

( —B
ms . . .
Mmin < Mg <M outside smoothing region
NPL(ﬁ) 2 1 ( g reg )
— -8
mo | M1) = H
p(mg [ m1) M2 (m2) Mmin < M2 < Mpin + 0m  (inside smoothing)
NpL(B)
0 otherwise
(3.12)
where:
e Npy, follows Eq. with mpax = M1
e H(m) is a smoothing Hann function [34]:
1 - min
H(m) = 5 [1— cos(rs)] s = % €[0,1) (3.13)
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3.2 Description of the synthetic redshift evolving catalog

A POWERLAW-+EVOLVING PEAK catalog was simulated with the population param-
eters described in Tab. The redshift distribution follows the Madau Dickinson
[35] star formation rate:

(14 2)”

142 \THE
1+ <1+zZP>
This functional form captures the characteristic behavior of the cosmic star forma-
tion history with a growth phase modeled by the slope parameter ~, followed by

a maximum indicated by zp and a subsequent decline parametrized by the slope
parameter k.

U (2, k) = [1 +(1+ zP)‘V—ﬂ (3.14)

Parameter Value Description
« 4.09 Exponent of the primary mass POWERLAW
I3 -1.23 Exponent of the secondary mass POWERLAW
1o 32.27 Mg PEAK mean at z =0
"1 2.5 Mg Linear redshift evolution coefficient of the PEAK mean
o 3.88 Standard deviation of the PEAK component
¢ 0.04 Mixture fraction between PEAK and POWERLAW component
Mmax 112.50 Mg Maximum of the BBH mass
Momin 4.98 Mg, Minimum of the BBH mass
Om 3.70 Mg Smoothing parameter for the low masses cutoff
vy 2.70
k 6 Madau Dickinson star formation rate parameters 35|
Zp 0.50

Table 3.1: Population parameters for the POWERLAW-+EVOLVING PEAK mock cata-
log.

Fig. and Fig. show the mock redshift evolving catalog in the source frame and
in the detector frame. The source frame plot shows the true astrophysical distribution
of BBH source masses and merger redshift. The linear evolution of the Gaussian peak
stands out significantly, in particular in the bottom left plot of Fig. The detector
frame population of BBH source masses and merger redshift is obtained taking into
account the selection effects. The redshift evolution of the peak is more visible in
the astrophysical corner plot (Fig. because of the selection biases that let us
detect more massive black holes, in the redshift evolving Gaussian peak, to higher
distances.
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Astrophysical

—— source population

log (m2/M o)

> >
B Y D L0

log (m1/M o) log (my/Mo) z

Figure 3.1: Astrophysical POWERLAW-+EVOLVING PEAK population. The peak
evolves linearly following Eq. with slope p1 = 2.5 Mg. The logarithm of the
masses is plotted instead of the masses themselves to better visualize the distribu-
tion.

Detected

—— detector population

log (m2/M o)

log (m1/M o) log (my/Mo) z

Figure 3.2: Detected POWERLAW+EVOLVING PEAK population, with selection effects
taken into account. Detected masses are redshifted as expected, since they follow

Eq@
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Another visualization of the redshift dependence can be seen by plotting the primary
source mass mq distribution at different redshift ranges. In Fig. [333] the linear
evolution of the Gaussian peak is noticeable. The plot on the left shows the evolution
of the spectrum up to z ~ 2.37 to better enhance the linear trend of Eq. [3:I0] even
if mergers at those redshifts are not measured because of the ground based detectors
limitations. The right plot shows the evolution of the detected masses, the evolution
stops at z ~ 1.2 because it is a value near the most distant detected source. The
detected primary masses are redshifted, as expected from Eq.

Astrophysical Detected

z=2.37

z=~1.20
z=1.95
2 ~1.52 z =~ 0.93
z2=1.10 2= 0.67
z =~ 0.68 z = 0.40
7= 0.26 LZ#O,]A

1.‘5 210 215 3‘,0 3.‘5 410 415 2‘,0 215 310 3.‘5 4‘,0 415 5.‘0
log(m:1/Mo) log(m1/M o)

Figure 3.3: Source and detector plot of the distribution of the logarithm of the
primary source mass mq at different redshift ranges. The population samples were
fitted with a Gaussian Kernel Density Estimator (KDE) to obtain a smooth
distribution.

We generated the PE posterior samples from a POWERLAW -+ EVOLVING PEAK, fix-
ing the population parameters following Tab. [3.1] and the cosmological quantities to
Hy = 67.7 km s 'Mpc™!, Q,, = 0.308. We used the GWTC-3 injection samples
[ and finally we modeled the masses distribution with a POWERLAW | PEAK, thus
ignoring the redshift evolution. We inferred El Hy using the Markov chain Monte
Carlo (MCMC) technique, fixing the matter density parameter at 2, = 0.308

[39).

The Hj posterior distribution is showed in Fig.[3.4and it recovers the results obtained
in [20] and discussed in Sec. Hy is biased up to 3o. The analytical form of the
POWERLAW-+PEAK phenomenological model, which does not evolve with redshift, is
the cause of the bias. This implies that whenever a redshift evolving population is

'More information about GWTC-3 injections samples and PE posterior samples is found in
Sec.
2The BILBY library and the ICAROGW likelihood were used to perform inference.
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modeled with a population that is fixed in redshift, a systematic error comes out as
a result of the mismatch between the redshift evolving population and the wrong
approximation of the phenomenological model.

Ho=82.3778%7 kms™ ! Mpc™!

T T
: : inference samples
0.06 1 ! ! = injected value
1 1 -==- 68% CL
— ! H _— dian
© 0.05 i i me
[=]) 1 1
s i i
1 i
» I 1
—  0.044 1 !
| 1 1
= i i
-~ 1 1
= 0.03 : i
< : :
) 1 1
S 0.02 1 i i
z : :
2 i i
0.01 19 ! !
1 1
1 1
1 1
1 1
0.00 T —1 T T L T T T
70 75 80 85 90 95 100 105

Hy[kms~!Mpc1]

Figure 3.4: Samples from the posterior probability distribution of Hy, obtained with
MCMC inference, performed with 600 steps and 4 walkers. The median value of the
posterior is compatible within the true value within 3o of error, showing a bias. This
is compatible with results obtained in [20].

3.3 Redshift evolving population modeled with Normal-
izing Flows

The purpose of this section is to show that by substituting the phenomenological
model with the Normalizing Flows, the bias on the Hy estimation is fully corrected.
The Normalizing Flows fits in log(m1), log(ms), 2z, by accounting for the Jacobian
J correction:

PNE (M1, ma, 2) = PNF < log(my1), log(ma), Z) (3.15)

L
7]
1

mimsa

= pNF<log(m1),log(m2), z) (3.16)

We use two models for the BBH merger rate with the Normalizing Flows.

e ONE CATALOG: we draw samples from the POWERLAW + EVOLVING PEAK
population as a single catalog and we fit it with a single Normalizing Flow. We
use the zuko model and finally we perform inference on Hy to verify the bias
correction. The zuko model performs well in modeling and fitting multimodal
and complex distributions, as discussed in Sec. 2.3.2]

e TWO CATALOGS: we draw samples separately from the POWERLAW and from
the EVOLVING PEAK and we fit them using two different nflows models. The
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two populations are mixed using the mixture fraction coefficient ¢, following
Eq.[1:27] We chose the nflows model since it fits very well unimodal and simple
distributions, such as the POWERLAW and the EVOLVING PEAK, as described
in Sec

This last methodology is useful because it allows us to infer the mixture fraction be-
tween the formation channels. This implies that there is the possibility to constraint
two different populations coming for example from two different formation channels,
using GW signals and thus having astrophysical information.

3.3.1 Calibration of ONE CATALOG architecture and H, inference

The first step in the full ONE CATALOG analysis was to let the Normalizing Flows
fit the source masses and redshift distribution in order to estimate png(mq,ma, 2)
directly from data, without the need of an analytical phenomenological model.

The architecture that was used is the zuko one_catalog_wrapper (described in
Sec. [2.3.2), with the following parameters:

number of layers 2
hidden features 40
learning rate 0.002
batch size 1000

number of iterations | 1000

patience 40

The diagnostics of the training are reported in Fig. The model performance
varies depending on the Normalizing Flows model, especially the number of layers,
the hidden features and the learning rate. A compromise between the best (but most
of the times slower) and the fastest (but most of the times less accurate) model was
chosen. For example, we preferred a lighter Normalizing Flows whose best validation
loss was only 2% worse with respect to the heavier, but more precise Normalizing
Flows. This choice was made to maintain the precision of the fit but ensuring a fast
fit to improve the MCMC inference time. The parameters choice we made brought
to a hierarchical likelihood evaluation time of ~ 0.5s.
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Train and validation losses
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Figure 3.5: Normalizing Flows diagnostics show that the model has learned the
distribution without overfitting or underfitting, since both the training loss and val-
idation loss curves decrease as expected and the difference between the best model
training loss and validation loss is of the order of 1072,

The Normalizing Flows fit of the population can be seen in Fig. [3.6] and it was ob-
tained with rejection sampling using the pdf estimated by the Normalizing Flows it-
self. It correctly captures the redshift evolution in the POWERLAW-+EVOLVING PEAK
distribution. Thus, to check if the bias on Hy is corrected, we performed MCMC
inference with the PE posterior samples simulated from the POWERLAW+EVOLVING
PEAK and the GWTC-3 injection set. The results are visible in Fig. the bias
has been removed in the estimation of Hy.

This analysis shows the goodness of the Normalizing flow fit: it is perfectly able
to reconstruct the distribution of a population starting directly from data. It also
shows that the Normalizing Flow model is correctly implemented into the ICAROGW
pipeline and ready to be tested on real astrophysically simulated fiducial catalogs.
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—— pop to fit
—— Normalizing Flows fit

log(mz2/M o)

log(mi/Mo) log (my/M o) z

Figure 3.6: Normalizing Flow fit (in light blue) of the POWERLAW-+EVOLVING PEAK
population (in black). The model captures the multi modality of the distribution,
in particular the evolving Gaussian peak. One could notice that the tails of the
distribution are very well fitted.
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Figure 3.7: Hy posterior distribution obtained with MCMC inference with 600 steps
and 4 walkers. The median of the distribution is compatible within 1o of error with
the injected value. The systematic bias has been corrected.
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3.3.2 Calibration of TWO CATALOGS architecture and H, inference

Before moving to astrophysically simulated fiducial catalogs, we developed a further
methodology to test another potentiality of the Normalizing Flows analysis. The
purpose is to verify if two different populations (that could represent two different
formation channels) can be fitted separately with a Normalizing Flows and then
mixed with a mixture fraction coefficient ¢, following Eq. The two different
populations are the POWERLAW and the EVOLVING PEAK, they are singularly fitted
using the nflows model one_catalog_wrapper (described in Sec. and they are
put together in the two_catalogs_wrapper, which estimates the following probabil-
ity:

pNF(mi,ma, 2) = ¢ pRE(m1,ma, 2) + (1 — @) pr* (ma, my, 2) (3.17)
The POWERLAW and EVOLVING PEAK Normalizing Flows fits are reported in Fig.
and Fig. and their parameters are reported as follows.
For the POWERLAW population:

number of layers 2
hidden features 32
learning rate 0.001
batch size 1000

number of iterations | 1000

patience 40

for the EVOLVING PEAK population:

number of layers 3
hidden features 32
learning rate 0.001
batch size 1000

number of iterations | 1000

patience 40

In this case as well, we chose the best performing light model over the heaviest but
most precise one, since the loss in performance was minimal while the computational
time was significantly higher for the heavier model. The hierarchical likelihood eval-
uation time took ~ 0.5s. The diagnostics follow the expected behavior (described in
Sec. and will be omitted from now on to lighten the discussion.
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—— pop to fit
—— Normalizing Flows fit
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Figure 3.8: POWERLAW Normalizing Flows fit (in light blue) of the underlying in-
jected population (in black). The tails of the distribution are well fitted and the
whole distribution is well approximated by the Normalizing Flows.
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Figure 3.9: PEAK Normalizing Flows fit (in light blue) of the redshift evolving pop-
ulation (in black), which is perfectly captured by the model.
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In order to perform hierarchical inference and verify the Hy bias correction, an es-
timation of the mixture fraction ¢ in Eq. is needed. We inferred its value and
we fixed it at ¢ = 0.07.

Finally, the MCMC inference on Hy has been performed and the results are shown
in Fig. Once again, the systematic bias on Hg has been fully corrected thanks
to the Normalizing Flows that was able to accurately fit the redshift evolving popu-
lation.
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Figure 3.10: Results of the MCMC inference on Hy performed with 4 walkers and
600 steps: the bias has disappeared and the posterior median of Hy is compatible
with the true value.

This analysis shows that the Normalizing Flows model is able to capture redshift
evolving population and can correctly manage different population probabilities into
the ICAROGW pipeline. Thus, the last step is to test the model on an astrophysically
simulated fiducial catalogs to infer population and cosmological quantities.



Chapter 4

Cosmology with Synthetic
Gravitatioanal Wave Populations

The purpose of this Chapter is to apply the methodology described in the previous
Chapters to an astrophysically simulated fiducial catalog, to infer population and
cosmological properties. Starting from a synthetic catalog made by four sub catalogs,
I generated PE posterior samples and injection samples. Then I chose two different
approaches: I firstly conducted an analysis on the full catalog and then I focused on
two catalogs, which represent the two main BBH formation channel. By studying
the catalogs separately, not only we can infer cosmological quantities, but we can
also put constraints in the absolute abundance of each channel.

4.1 Description of a B-POP catalog

The catalog we chose was simulated by the researchers at the Gran Sasso Science
Institute (GSSI) using the population synthesis tool B-POP [40]. The full catalog
(called global) is made of four catalogs representing the four main formation channels
discussed in Sec. The first catalog represents the isolated binaries channel, while
the globular clusters (GCs), nuclear clusters (NCs) and young clusters (YCs) catalogs
contain the dynamical formation channels. For each channel, the following quantities,
that correspond to 1 year, are provided:

e BBH source masses mi, mo
e merger redshift z

e merger rate R(z) measured in yr~! Gpc™ and defined in Sec. To obtain
the total merger rate the single catalog merger rates need to be summed up.

To better understand the B-POP catalog, we report in Fig. the plot of the source
and detector primary and secondary masses, and of the source and detected redshift
and luminosity distance. The quantities at the detector were simulated by taking
into account the selection effects caused by the detector sensitivity. The B-POP
distribution is non trivial and mergers are detected up to z ~ 1.6.

41
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Figure 4.1: B-POP source and detector distributions for the BBH masses, redshift
and luminosity distance. Because of selection effects, in O5 like era, the BBH lower
masses will be less frequent to detect. Also, only mergers up to z ~ 1.6 are detected.
This implies that in the case of this methodology, only the Normalizing Flows fit at
low redshifts will be used during inference.
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Fig. shows the distributions of the BBH primary source and detector masses. The
plot clearly demonstrates that, in astrophysical simulations, the masses distribution
is expected to evolve in redshift over cosmic time. The evolution is non trivial and
it exhibits redshift evolution as well as more complex and fine structures that the
Normalizing Flows will be required to capture.

Astrophysical Detected

z=1.19

z=0.94

z = 0.69

Lz =0.44

Akz =0.19

10 15 20 25 30 35 10 s 15 20 25 30 35 40 n 50
log(m;1/Mo) log(m1/Mo)

Figure 4.2: Distribution of the logarithm of the primary source and detector mass
of the B-POP global catalog at different redshift ranges. The left plot shows the
source mass, while in the right one shows the detector mass. Both distributions are
smoothed using Gaussian KDE . The redshift evolution is far from being trivial
and both distributions features complex structures.

In the first part of the analysis the full catalog will be used to infer Hy, while in the
second part, two catalogs will be analyzed to obtain population and cosmological
constraints.
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4.2 Generation of PE posterior samples and injection
samples

To perform hierarchical Bayesian inference and obtain population and cosmological
information, we generated 700 PE posterior samples and 1.278-10% injection samples,
assuming the O5 sensitivity [41} 42, 43].

Starting from a catalog of source frame parameters mis, mos and merger redshift z,
our goal is to generate a set of detector frame GW events specified by the detector
frame masses mq4, mog and the luminosity distance dy,, in such a way to be compat-
ible with the ICAROGW pipeline and its PE posterior samples and injection samples.

Fig shows a flowchart of the steps needed to generate PE posterior samples and
injection samples, starting from some population samples.

Source frame Compute Simulate

PE
masses and detector izati SNR cut .
redshift samples = quantities ~—> observed realizations  _,, P > 12 posterior
my, My, 2 p '/%d n 0 Pobs ‘/%d,obs Tobs aobs Lbe samples
Draw samples C()jo;n ptu te Simulate SNR cut jecti
from priors qqu?ﬁti%rs __, observed realizations o — I:]aent:::::;s
myg My dp p Myn 0 Pobs M gobs Mobs Bobs Pobs

Figure 4.3: Logical structure of the generation of PE posterior samples (in the first
line) and of injection samples (in the second line)

So the first thing we did was to convert source frame masses to detector frame masses,
using the source frame conversions formulas in Eq. Eq. and Eq. [L.8
Rather than working directly with (m14, m2g, dr.), we will use the following variables:

e the detector frame chirp mass M, (which is introduced in Sec. and in

Sec. ):
M _ (mld m2d)3/5 (4 1)
! (m1q + maoa)'/® '

e the symmetric mass ratio:

miqmaq
e e 4.2
7 (m1g + maq)? (4.2)

e the matched filtering signal to noise ratio (SNR):

Mo dr,

)

5/6
M d
p = pob < d ) 298 (fisco(mia, maa)) (4.3)

where 6 is a projection factor that is defined as the quadratic sum of the an-
tenna response functions F, and Fy; it takes into account the orientation of
the binary relative to the detector network. pg, Mg and dp o are reference
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dimensional scaling factors which ensure that the SNR remains dimensionless.
They are set to pg = 12, Mgy = 25My and dro = 2.5Mpc [41]. Finally,
S (fISCO(mlda m2d)) is a smooth attenuation obtained with a sigmoid function
that is introduced because astrophysical simulations contain very massive stars
that could make the SNR diverge or grow high, thus appearing as a loud sig-
nal. But detectors are not as sensitive as they should be in order to measure
those kind of signals, which appear at low frequencies. This is why to signals
with innermost stable circular orbit (ISCO) frequency [11] fisco < 20Hz, it is
assigned SNR=0.

The following step is needed to simulate the observed realizations (pobs, M d.obs; Tobss Gobs)
by sampling from likelihoods that model the measurement process, conditioned on
the true values (p,ln Mg, n,0). The following conditional distributions are used:

e The SNR is modeled with a non central x? distribution with parameter p? and
degrees of freedom equal to twice the number of detectors Ny:

Pobs ~ X <2Nd, A= p2) (4.4)
e The chirps mass is modelled in log space as a Gaussian:
log (Md,obs) ~ g<10g (Md) y Olog M (pobs>2) (45)

where the standard deviation ojog a1(Pobs) o pgbls.

e The symmetric mass ratio is modelled using a truncated Gaussians, conditioned
on its true value and on peps:

Tlobs ™~ g[nmin:nmax} (7]’ In (pObS)2> (46>

in which oy (pobs) pgbls.

e The projection factor  follows a truncated Gaussian, conditioned on its true
value and on pgps:

Oobs ™~ G[0rmin,Omax] (9, o) (pobs)Q) (4.7)

with U@(Pobs) X p(:bls

Afterwards, a detection threshold is applied to the simulated observed SNR:

Pobs Z Pthr = 12 (48)

All the events that do not satisfy this condition are rejected, all the others are kept
as detection events. PE posterior samples and injection samples sets are generated
in the following way:
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PE posterior samples: Given the observed realizations that survived the cut,
ev = (Pobss Md,obs, Tobs, dobs ), the posterior samples are drawn from the following
distribution:

p(paMdana0|eV) X £(GV |p>Md77779) ﬂ-(vada"?ae) (49)

where £(d | p, Mg,n,0) represents the product of the distributions defined above.
m(p, Mg,n,0) takes into account the change of variables from (mqq4, mog,dr) to
(Mg, n, prrue) and it is implemented in the code through the Jacobian factor:

1

m(p, Ma,n,6) ~ T M. 8)

(4.10)

Finally, the PE posterior samples are drawn from the set of candidates (p, Mgy, n,0),
by importance resampling using the weight 1/7(p, Mg, n,6) and the conversion to
the variables (mqq4, mag, dr).

Injection set: Synthetic events are generated by drawing the primary and sec-
ondary masses from power law distributions and the luminosity distance from a
power law distribution proportional to d2L, as discussed in Sec. Then the SNR
cut is applied and the events that respect the threshold condition are kept as injec-
tions.

4.3 Global catalog Normalizing Flows fit

In this section, I conduct the analysis on the global catalog, so without differentiating
between the different formation channels.

The first quantity that can be extracted from the rate R(z) is the number of predicted
astrophysical observations, which follows Eq. [2.16}

Nastro ~ 6.6 - 10* events/year (4.11)

Afterwards, the global catalog samples log(mi),log(ms), z were given as an input
to the zuko library Normalizing Flows model, in order for it to fit the distributions.
We chose the logarithm of the masses instead of the direct masses, as this choice
improves the performance of the Normalizing Flows. We finally implemented the
Jacobian J correction to the variable change:

1
/]
1

mimsa

pNrF(mi, ma, 2) = PNF ( log(my),log(ma), Z)

= pNF<log(m1),log(m2), z) (4.12)

The model was trained and validated following the methodology introduced in Sec.[2.3.2]
with the following architecture parameters:
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number of layers 5
hidden features 56
learning rate 0.0015
batch size 3000

number of iterations | 200

patience 5

The flow structure is deeper and more complex with respect to the ones used for
the POWERLAW -+ EVOLVING PEAK discussed in Sec. [3.1l This is reasonable since
the B-POP distribution is complex and it shows some fine structures that are more
difficult to capture. Still, a compromise between the lightest but less precise model
and the heaviest but most precise model, had to be made in order to preserve com-
putational times, but ensuring an exhaustive description of the population. Indeed,
the hierarchical likelihood computation time was of ~ 5s. The fit in Fig. [£.4] shows
that the most important B-POP features are correctly captured, but the fit could
be improved on more fine structures increasing the number of splines in the NSF.
It is set to the default zuko value of 8 (as discussed in Sec. and increasing it
has a substantial worsening of the computation time and on the overheating of the
computing device E

Thanks to the computation of pxp(mi, ma,z), we estimated the expected number
of detections, following Eq. We assigned a Poissonian uncertainty to the mea-
surement, because the detection process is modeled to be Poissonian, as described in
Sec. Then, since we generated 700 PE posterior samples, the expected number
of detections uncertainty is equal to v/700 ~ 26:

Nexp = 713 £ 26 events/year (4.13)

The obtained value is compatible with the expected value within 1o of error. This
result shows that:

® Nexp < Nastro since the simulated O5 like detectors will not be able to measure
every astrophysical event, because of the selection bias described in Sec. 2.1}

e the Normalizing Flows architecture has been correctly implemented into the
ICAROGW pipeline since the number of expected detections is compatible with
the number of PE posterior samples;

Finally, I performed inference on Hy (the results are visible in Fig. and we recov-
ered a Hy unbiased estimate. Thus demonstrating that the systematic bias studied
in [20] can be completely removed thanks to the Normalizing Flows. Moreover, this
also suggests a new methodology to test astrophysically simulated fiducial catalogs,
using GW observations. Indeed, in a O5 era, GW signals can be used to validate a
synthetic astrophysical catalogs though inference on cosmological quantities.

Indeed, all the computations obtained in this work were performed on a MacBook Air M1 2020.
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Figure 4.4: B-POP global catalog (in black) and Normalizing Flows fit (in light blue):
the main population features are well modeled by the Normalizing Flows, however
it provides a less precise fit of the fine structures of the distribution.
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Figure 4.5: MCMC inference on Hy performed with 4 walkers and 600 steps. The
median of the posterior distribution is compatible with the true value for Hy.
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4.4 Two catalogs Normalizing Flows fit

To extend the discussion on the B-POP catalog, I conducted a further analysis con-
sidering two different populations, which represent the isolated binaries channel and
the dynamical channel. Using the methodology illustrated in Sec. [2:2] it is possible
to constrain not only cosmological parameters, but also population parameters, such
as the abundance of one catalog with respect to the others.

To have a better understanding of the four catalogs, I report some useful quantities
in Tab. We notice that the catalogs have a different number of samples. Further-
more, the ratios between the number of samples in a single catalog N; with respect
to the number of samples in the total catalog Ny, is equal to the ratio between the

merger rate of the single catalog R; = [dz RZ-(z)dd‘gc 1iz with respect of the merger

rate of the full catalog R = J dz R(z) dd\;c ?IZ This shows that the isolated binaries
channel is the one containing more events and which mostly contributes to the total
merger rate. The second most populated channel is the globular clusters one, which

is the most important dynamical BBH channel, as discussed in Sec. [[.4]

catalog N; Nastro | Ni/Niot = RZ/R (%]
isolated binaries | 782800 | 41866 62.77
globular clusters | 210349 | 11292 16.87
nuclear clusters | 136914 | 7397 10.98
young clusters | 116964 | 6331 9.38

Table 4.1: Characteristic of the four B-POP catalogs, representing the main BBH
formation channels: the isolated binaries channels dominates over the other ones,
thus it is the one contributing the most to the total merger rate. Indeed, the iso-
lated binaries catalog has the bigger number of astrophysical events, followed by the
globular, nuclear and young clusters catalogs.

The choice we made was to work with two catalogs: the isolated binaries catalog and
the dynamical catalog, which is given by the sum of the globular clusters, nuclear
clusters and young clusters catalogs. Then, the analysis was conducted following
Eq. 218 in which \; represent the multiplicative factors. They act as absolute
weights for each astrophysical formation channel: they are not normalized fractions,
but free scaling parameters that determine the overall number of events attributed
to each channel in the total population.

Eq. shows that the single catalog needs to be modeled by the Normalizing Flows,
in order to estimate pf\IF(ml,mg, z). Thus, two different models have been trained
using the zuko Normalizing Flows, with the following architectures:
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for the isolated binaries catalog:

number of layers 3
hidden features 16
learning rate 0.01
batch size 2048
number of iterations | 200
patience 150
for the dynamical channel catalog:
number of layers 4
hidden features 24
learning rate 0.05
batch size 2048
number of iterations | 200
patience 90

This choice was made in order to improve the computation times as much as pos-
sible, since performing a precise MCMC inference on many parameters requires a
lot of time and engine power; which in this work were limited. In this case too, we
chose to fit the logarithm of the primary and secondary masses in order improve the
performance of the NSF. Then we corrected with the change of variables Jacobian J
of the transformation, which is the same as Eq.

In Fig. and Fig. [£.7] the two different Normalizing Flows fit of the isolated bi-
naries and dynamical catalogs are reported. The plots show that the architecture is
deep enough to capture all the main features of the distribution, it worsen slightly
on some minor structures. The most quickly, so the lightest, but precise Normalizing
Flows was thus found: the hierarchical likelihood estimation time was of ~ 6s.

In the last part of the work, I will describe the tests that we have conducted on the
B-POP synthetic population, in the case of two catalogs. Indeed, this methodology
suggests that with astrophysically simulated fiducial catalogs we can perform not
only cosmological studies, but also population analysis.
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Figure 4.6: Isolated binaries channel Normalizing Flows fit (in light blue). The true
population (in black) has more events at lower primary and secondary masses with
respect to the other channels. The Normalizing Flows correctly fits the main features
of the distributions.
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Figure 4.7: Normalizing Flows fit (in light blue) of the dynamical formation channel
(in black) that captures the main features of the distributions. By changing the
number of bins in the NSF, the more fine structures are better fitted, but the com-
putation time increases in a non negligible way.
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4.4.1 Inference on multiplicative factors )\;

The first test that I did was to perform inference on the two multiplicative fac-
tor Aisolated @nd Adynamical Separately, using the B-POP simulated data, described in
Sec. I did this to verify if the fiducial values A\; = 1 (with ¢ € [isolated, dynamical]),
which are the values with which the catalog is built, are supported in the posterior
distributions. During this inference process, I fixed the cosmological quantities to
Hy = 67.74 km s 'Mpc™!, Q,, = 0.3089 and the other multiplicative factor to its
fiducial value A\; = 1. In this way, the goodness of the Normalizing Flows can be
tested: if the posterior distributions for A; do not support the fiducial values, then
the fit is not correct. Results are visible at Fig. [I.8] which shows that the fiducial
values are supported in both cases.
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Figure 4.8: Posterior distributions for the multiplicative factors A; obtained with
hierarchical Bayesian inference. The distributions show that the population has been
correctly modeled: the fiducial values \; are correctly supported by the posteriors.

Then, I analyzed the correlations and constraints between the two formation chan-
nels, through combined inference on both the multiplicative factors Aigolatea and
Adynamical- Results are visible in Fig. and show a negative correlation pattern.
This behavior is expected: when the contribution of one catalog increases, the other
one must correspondingly decrease in order to keep the overall number of detected
GW events fixed. In other words, if the two catalogs have to explain the same set of
events, then an excess in one catalog reduces the multiplicity of the other.
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Figure 4.9: Posterior distributions obtained performing inference on the two catalogs:
Aisolated @A Adynamical- The fiducial values A; are supported and compatible within
lo of error. A negative correlation pattern is visible and coherent with the expected
results.

These results are the first proof that the Normalizing Flows fit was good. Yet, it
is not sufficient to show that the fiducial values for the multiplicative factors are
supported, we also need to make sure that the fit is also recovering the injected
value of Hp. In the case of B-POP, the catalogs were simulated assuming Hg =
67.74 km s~ Mpc 140

4.4.2 Combined inference on the Hubble constant H, and multi-
plicative factors \;

The second test that we conducted was to perform combined inference on the Hubble
constant Hy and on the multiplicative factors of the isolated binaries catalog Aisolated
and of the dynamical formation catalog Aqynamical- In this way, a population con-
straint, validated on the H estimate, is obtained. Results are visible in Fig. [£.10]
The value of Hy is compatible with the injected value within 1.40 of error. Ajsolated iS
compatible with its fiducial value within 0.9¢ of error and also Agynamical is compat-
ible with its fiducial value within 1.8¢ of error. This is the second proof that shows
that the Normalizing Flows fit was correctly implemented.
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Figure 4.10: Combined inference on Hy, Aisolated and Adynamical, obtained with 13
walkers and 600 steps.

4.4.3 Inference on H, using O3 data

Finally, the model was tested on the real O3 data, by using the GWTC-3 PE posterior
and injections samples, both described in Sec. [A33] I did not consider the latest
GWTC-4.0 catalog as the dataset was only released on August 26th 2025, while this
thesis was being finalized.

The value of the Hubble constant Hy was inferred, fixing the multiplicative factors at
their fiducial values, since they were supported by all the posterior distributions we

recovered. In Fig. the Hy posterior is shown and we find the following estimation
for Hy at 68% of CL:

Hy = 65.9572% km s~ 'Mpc ™! (4.14)

Thus, if we assume that the B-POP catalog correctly describes GWTC-3, then the
Hy posterior is more consistent with the Planck measurement. This proves that the
B-POP model furnishes a good description for the masses and redshift distributions

of BBHs observed by LIGO-Virgo-KAGRA.
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Figure 4.11: Posterior distribution of Hg obtained through MCMC inference with 13
walkers and 600 steps using the Normalizing Flows model to fit the B-POP popula-
tion on GWTC-3 PE posterior and injection samples. The magenta lines correspond
to the median and 68% credible interval of the inferred posterior from the MCMC
samples. The purple line represents the Planck 2018 measurement (Hp = 67.4 £0.5
km s~! Mpc™1) [8] with its 68% CL uncertainty (shaded band), while the red line
shows the SHOES 2021 result (Hy = 73.04 + 1.04 km s~! Mpc™1) [9] with its 68%
CL uncertainty.

4.5 Summary of the findings

The results of the methodology that we applied in this Chapter show that:

e When simulating GW events from the B-POP fiducial catalog and fitting the
different populations with the Normalizing Flows, the injected astrophysical
model is correctly reconstructed.

e We found a criterion to establish the goodness of the Normalizing Flows fit
which works with astrophysical fiducial populations.

e We also found a criterion to establish the goodness of the synthetic astrophys-
ical fiducial catalog and it worked with the B-POP catalog.

e In O5 like era, population constraints on the formation channels can be put.
In O3 like era, only cosmological quantities can inferred using synthetic astro-
physical fiducial catalogs.



Conclusions

The main objective of this work was to devise non-parametric machine learning
tools to alleviate systematic biases for GW cosmology. Indeed, I started with the
purpose of solving the systematic bias that appears when the BBH masses distri-
butions are modeled with the phenomenological model. To address this issue, I
developed a new methodology based on Normalizing Flows and I implemented it
into the ICAROGW pipeline. The use of Normalizing Flows allows for the imple-
mentation of non-parametric models of the masses and redshift distributions, that
can correctly recover the unbiased Hy estimation, thanks to their ability to capture
redshift evolutions and complex features in the distributions.

I validated the model using a synthetic redshift evolving mock catalog sampled from
a POWERLAW-EVOLVING PEAK distribution. Three different analyses have been
conducted. In the first one, a BBH population with masses evolving in redshift has
been analyzed, with parametric models non evolving in redshift. I performed in-
ference on Hy and, as expected, I found the Hy estimation biased up to 30. Then
I approximated the evolution in redshift of the mass spectrum with a Normalizing
Flows, which corrected the Hy bias thanks to its ability to fit the redshift evolv-
ing populations. Finally, I used two different Normalizing Flows to fit two different
populations: the POWERLAW and the redshift EVOLVING PEAK. In this case too,
I recovered the injected estimation of Hy and no bias was measured. This showed
that the Normalizing Flows flexibility in capturing redshift evolving populations has
successfully replaced the phenomenological model in this discussion.

I tested the model on an astrophysical fiducial catalog, which was simulated by
researchers at the GSSI using the B-POP population synthesis code. The global cat-
alog is made of four distinct catalogs representing the BBH formation channels: the
isolated binaries channel, the globular clusters channel, the nuclear clusters channel
and the young clusters channel. Firstly, I fitted the full catalog using the Normal-
izing Flows which successfully modeled the global population features and led to
an unbiased estimate of Hy. Then I studied two catalogs individually representing
the isolated binaries channel and the dynamical channel. This allowed not only for
cosmological inference, but it also allowed us to constrain the relative contribution
of the two different catalogs through their multiplicative factors. The results showed
that the fiducial values used to generate the catalog are supported by the posteri-
ors, confirming the goodness of the Normalizing Flows fit. Moreover, I analyzed the
correlations between the two channels and, as expected, I found an anti correlation
pattern. I then performed a combined inference on Hy and on the two multiplicative

56
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factors and I recovered the expected values for all three quantities. Finally, I inferred
Hy using the GWTC-3 real data obtaining the following estimation for the Hubble
constant:

Hy = 65.95729% km s~ Mpc™*

This result shows that, if we describe B-POP as BHs formed in isolated stellar bi-
naries and in dynamical environments, then the simulated catalog represents a good
fit for GWTC-3.

I developed a methodology which demonstrated that Normalizing Flows are not
only capable of reproducing astrophysically complex populations but they can also
be used to disentangle the contributions from different formation channels. This
methodology can be used to validate astrophysically simulated fiducial catalogs with
GW observations. Finally, since the simulations have been obtained under realis-
tic observational conditions corresponding to the Ob5 era expected sensitivity, then
GW cosmology and population studies will also be able to constrain astrophysical
quantities such as the relative abundance of every BBH formation channel.
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Appendix A

Appendix

A.1 Gravitational Waves in General Relativity

Assuming the perturbed metric tensor in a flat spacetime background to be:

Juv = Nuv + h,uu (Al)

where 7, is the Minkowski background metric:

M = . (A.2)

and hy, is the perturbation and it is considered to be small: h,, << 1 (weak
field approximation). To obtain information on the dynamics of h,,,, Einstein’s field
equations are considered:

8w 1
RN’V == CT (TNV - QQN'VT> (AS)

where R, is the Ricci tensor, T}, is the stress-energy tensor and T' = g1, is its
trace. It is found [[] as a solution for the perturbation:

A _ _l6nG
Dah“_”u_ —et T (A.4)
g =0
where [ is the d’Alambertian in flat spacetime:
g 0 1 02
O =nf _— +Vv? (A.5)

drc 0aP 2o

'n this Section, the main results showed in [11] are summarized.
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and the second equation in is the harmonic gauge condition in which the trace
reversed tensor hy, is defined as:

1
huu = hw/ - inul/h (AG)

and where h = hﬂu = n*"h,, is the trace of h,.
When considering 7}, = 0 (outside of the source) the first equation in becomes:

1 02 5\ 5

which clearly shows that a small perturbation of a flat spacetime follows a D’ Alambertian
like equation, behaving like a wave travelling at the speed of light.

The solution to Einstein’s equations for BW are:

. _4c T (t — =2

ny — d3$/ (A8)

A

where the integral is performed among the 3D source volume, & is the position of the
observer with respect to the source and 7' is the position of an element of the source
within a coordinate system centered on the source itself. This solution has the form
of a retarded potential and it reflects the causal propagation of gravitational effects
at the speed of light.

To understand the physical degrees of freedom of the system we chose the TT
(Transverse-Traceless) gauge. In the TT gauge hy, and hy, coincide and are trace-
less:

By = hy (A.9)

It can be shown that for a plane gravitational wave propagating along the x axis,
the small perturbation tensor has the following form:

00 0 0
00 0 0

Wit = (A.10)
0 0 hy, hy
0 0 hy, —hy,

the gravitational wave has only 2 degrees of freedom that corresponds to 2 polariza-
tion states: if hy, = 0 and hyy = hy # 0 the wave has a plus polarization, while if
hyy = 0 and h,, = hy # 0 the cross polarization is found.

Assuming that the size € of the source is much smaller than the wavelength of the
emitted gravitational wave Agw = %, then: we << ¢. Since the velocity of the
system emitting the gravitational wave can be written as v ~ we, then v << ¢ (slow

motion approximation).
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When solving Eq. in the weak field, slow motion approximation, defining |¥| = r,
the following solution is obtained:

h0 =0
iy 4 Al
{hl’f(t, r) =200 at - t) A

cAr dt?
where ¢%* is the quadrupole moment tensor and it is defined as:

1
() = 2/ T(t, &) 2Pz d®x k,n=1,23 (A.12)
«“Jv

It is worth noticing two things: first of all, Eq. [AI1] shows that any form of mass
or energy can generate gravitational waves if and only if the second time derivative
of the system’s quadrupole moment does not vanish. Moreover the factor that reg-
ulates the intensity of the gravitational wave is very small: C% ~ 810750 5 and

g cm
this justifies why gravitational waves are extremely weak.

This formalism can be applied to a compact binary system to study the inspiral,
the merging and the ringdown phase of two coalescing compact objects (shown in
Fig. . The information from which the masses of the two coalescing objects and
the luminosity distance of the merger can be inferred is the gravitational wave phase
and amplitude.

renrdsur
19319W
umop3surx

GW strain [1072!]

~60 —40 ~20 0o 20
time [ms]

Figure A.1: Gravitational Wave signal from the inspiral, merger and ringdown phases
of a compact binary system coalescence. During the inspiral phase the two compact
objects start orbiting around each other and their orbital frequency increases as
the two get closer. Then they merge into a new black hole, which oscillates in its
ringdown phase. Image taken from|11].

The wave phase of the GW signal has the following form:

B(t) = / t omvew (t)dt + ®(t = 0) (A.13)

in which the wave frequency vgw is equal to:

5/8
53/8 3 1 3/8
vaw(t) = 5 (GM) <t —t) (A.14)
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where t. represents the coalescence time and the term M is the chirp mass and it
depends on the binary source masses:

3/5
M= Amma (A.15)
(m1 + m2)1/5

The chirp mass can be measured from the integrated gravitational wave phase:

5\ 5/3 5 5/8
)= —— () rMvew) -2 ) fap=0)  (A16)
16\ G aw 5GM '

Since the expansion of the Universe needs to be taken into account, the quantities
measured at the detector are redshifted, this implies that the detector chirp mass is
the following:

Mg=M(1+2) (A.17)
The second quantity that can be measured is the luminosity distance dy, of the source
from the gravitational wave amplitude hy measured by the detector at the time t4:

47r2/3G5/3 Md
a C4 dL(td)

ho(td) 2/3

[(Mavew (1+2)] (A.18)

A.2 Numerical stability of the ICAROGW pipeline

The Monte Carlo integration sum over the PE posterior samples in Eq. can be
written as:

Ns,i
AN Tos <2 1 dN
L]0, A) 22 (A)df = A A19
/ (il A) G qg (M40 = ;WPE(ei,j)dtda( )| (A.19)
- 1,]
T Ns,i
obs
k) J:1

where w; ; = m%‘m. In order to guarantee numerical stability during the

computation, the effective number of samples is defined as follows:
Ns,i
Zj:l (wi,j)z
Ns,z' 2
251 Wi
if that condition is not satisfied, the model cannot be trusted because it would imply
that the integral is computed with less than 20 points.

Negs = > 20 (A.21)

The Monte Carlo integration over the injections samples in Eq. can be written
as:

N
Tobs 1 dN
Nexp = (A.22)
p Ngen ; Tinj(0;) dtdo ;
N
Tobs
= N D s (A.23)



A.3. PE posterior samples and injection samples from GWTC-3 63

1 dN
Tinj (6]) dtdd J’
and Nget is the number of detected injection samples. Once again, to guarantee
numerical stability the effective number of injections is defined and constrained as it

follows:

where s; = Ngen is the total number of generated injection samples

o]

Negri =
ZNdet 82 _ N_l ZNdet S
J J gen J J

)

P 2 4Nobs (A24)

A.3 PE posterior samples and injection samples from
GWTC-3

PE posterior samples and injection samples are essential to perform hierarchical
bayesian inference, as described in Sec. We chose to work with posterior and
injections samples from the GWTC-3 catalog [44] data release on Zenodo [45, |46]
47).

GWTC-3 PE posterior samples furnish a set of posterior draws for every GW event
(for a total number of 69 events, each with 1286 samples), as described by Eq.
The common choice for the PE posterior samples prior is the following;:

7pe(0|A) o d2 (A.25)

and it derives from the small redshift approximation in which the volume element
scales as dV oc d2ddy, [48]. The PE posterior set is obtained by importance reweight-
ing every event by the astrophysical rate:

1 dN
2
p—n drag™

wm XX

(A.26)

0i,j

On the other hand 81117 GWTC-3 injection samples are Monte Carlo drawn from
the injection distribution 7i,j(6), described in Eq. They are chosen in such a
way to respect the following condition:

IFAR oz > 1 yr (A.27)

IFAR (Inverse False Alarm Rate) quantifies the expected time interval between false
alarms (caused by noise trigger) with the same significance of the considered event.
So an IFAR of 1 yr means that a background trigger of equal or higher significance
as the considered event is expected once per year. Then the detected injections are
the only signals that are equal or exceed that threshold. This choice matches the
GWTC-3 catalog: a candidate event is inserted in the catalog only if its IFAR > 1yr
[44]. Each surviving injection is importance reweighted by the astrophysical rate:

1 dN

%3 i (0) diao™l, (4.28)
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A.4 Normalizing Flows python class

one_catalog_wrapper zuko class:

class one_catalog_wrapper (object):
def __init__(self, dicto_pop, n_layers, hidden_features, 1r,

batch_size, n_iter, patience, plot, seed, device="cpu"):

self.device = torch.device(device)

torch.manual_seed(seed)

random. seed (seed)

np.random.seed(seed)

raw_pop = np.vstack([dicto_pop['massl'].flatten(),
dicto_popl['mass2'] .flatten(),
dicto_pop['redshift'].flatten()]).T

self .mean = raw_pop.mean(axis=0)

self.std = raw_pop.std(axis=0)

self .norm_pop = (raw_pop - self.mean) / self.std

self.train_data, self.vali_data = train_test_split(self.norm_pop,
test_size=0.2,

random_state=seed)

self.plot = plot
self.flow self .build_flow(n_layers=n_layers,

hidden_features=hidden_features) .to(self.device)

self.train_flow(self.flow,
self.train_data,
self.vali_data,
n_iter=n_iter,
1r=1r,
batch_size=batch_size,
patience=patience)

def build_flow(self, n_layers, hidden_features):
return NSF(features=3,
context=0,
transforms=n_layers,
hidden_features=[hidden_features])

def train_flow(self, flow, train_data, vali_data, n_iter, lr, batch_size, patience):

optimizer = torch.optim.Adam(flow.parameters(),
lr=1r)

scheduler = torch.optim.lr_scheduler.ReduceLROnPlateau(optimizer,

mode='min',
factor=0.5,
patience=10)

flow.train()

max_vali_loss = 1el0

min_vali_model = None

p=20

train_losses, vali_losses = [1, []

for i in range(n_iter):

idx = np.random.choice(len(train_data),

size=batch_size,
replace=False)
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51 x_batch = torch.tensor(train_data[idx], dtype=torch.float32).to(self.device)
52 optimizer.zero_grad()

53 loss = -flow().log_prob(x_batch) .mean()

54 loss.backward()

55 optimizer.step()

56 with torch.no_grad():

57 vali_tensor = torch.tensor(vali_data, dtype=torch.float32).to(self.device)
58 vali_loss = -flow().log_prob(vali_tensor) .mean().item()

59 train_losses.append(loss.item())

60 vali_losses.append(vali_loss)

61 scheduler.step(vali_loss)

62 if vali_loss < max_vali_loss:

63 max_vali_loss = vali_loss

64 min_vali_model = copy.deepcopy(flow.state_dict())

65 p=20

66 else:

67 pt+t=1

68 if p >= patience:

69 break

70 flow.load_state_dict(min_vali_model)

71 flow.eval()

72 with torch.no_grad():

73 train_tensor = torch.tensor(train_data, dtype=torch.float32).to("cpu")
74 best_train_loss = -flow().log_prob(train_tensor).mean().item()

75 vali_tensor = torch.tensor(vali_data, dtype=torch.float32).to("cpu")
76 best_vali_loss = -flow().log_prob(vali_tensor) .mean().item()

77 print (f"best train loss: {best_train_loss:.4f}")

78 print(f"best validation loss: {best_vali_loss:.4f}")

79 print(f"|train - validation|: {np.abs(best_train_loss - best_vali_loss):.4f}")
80 if self.plot:

81 plt.figure(figsize=(8, 4))

82 plt.plot(train_losses, label='Training loss')

83 plt.plot(vali_losses, label='Validation loss')

84 plt.title("Train and validation losses")

85 plt.xlabel("Iteration")

86 plt.ylabel("Negative Log Likelihood (NLL)")

87 plt.legend ()

88 plt.grid()

89 plt.tight_layout()

90 plt.show()

91

92 def pdf(self, mass_1, mass_2, z):

93 or_shape = mass_1.shape

94 data = np.vstack([mass_1.flatten(),

95 mass_2.flatten(),

96 z.flatten()]).T

97 norm_data = (data - self.mean) / self.std

98 data_tensor = torch.tensor (norm_data, dtype=torch.float32).to(self.device)
99 with torch.no_grad():

100
101
102
103
104

log_probs = self.flow().log_prob(data_tensor).cpu() .numpy()

log_det_jacobian = -np.log(self.std).sum()
log_probs += log_det_jacobian
probs = np.exp(log_probs)

mask = ((mass_1 <= 0)

(mass_2 <= 0)

(z <= 0)).flatten()
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def

def

probs [mask] = 0.
return np.reshape(probs, or_shape)

log_pdf (self, mass_1, mass_2, z):
return np.log(self.pdf(mass_1, mass_2, z))

sample(self, Nsamples, mmin, mmax, zmax):

ml_samples = np.random.uniform(mmin, mmax, size=Nsamples+*100)

m2_samples = np.random.uniform(mmin, mmax, size=Nsamples+*100)

z_samples = np.random.uniform(0, zmax, size=Nsamples*100)

w = self.pdf(ml_samples, m2_samples, z_samples)

idx = np.random.choice(len(w), size=Nsamples, replace=True, p=w/w.sum())
return ml_samples[idx], m2_samples[idx], z_samples[idx]
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one_catalog_wrapper nflows class:

class one_catalog_wrapper (object):

def

def

def

__init__(self, dicto_pop,
n_layers,
hidden_features,
1r,
batch_size,
n_iter=1000,
patience=40,
seed=42,
plot=True,
device="cpu"):

self.device = torch.device(device)

self.plot = plot

self.seed = seed

self.n_iter = n_iter

self.patience = patience

torch.manual_seed(seed)
random. seed (seed)
np.random.seed(seed)
raw_pop = np.vstack([dicto_pop['massl'].flatten(),
dicto_pop['mass2'].flatten(),
dicto_pop['redshift'].flatten()]).T
self .mean = raw_pop.mean(axis=0)
self.std = raw_pop.std(axis=0)
self .norm_pop = (raw_pop - self.mean) / self.std
self.train_data, self.vali_data = train_test_split(self.norm_pop,
test_size=0.2,
random_state=seed)
self.flow = self.build_flow(n_layers,
hidden_features) .to(self.device)

self.train_flow(self.train_data,

self.vali_data,

n_iter=self.n_iter,

1r=1r,

batch_size=batch_size,

patience=self.patience)

build_flow(self, n_layers, hidden_features):

transforms = []

for _ in range(n_layers):
transforms.append (ReversePermutation(features=3))
transforms.append (MaskedAffineAutoregressiveTransform(features=3,

hidden_features=hidden_features))

transform = CompositeTransform(transforms)

base_distribution = StandardNormal([3])

return Flow(transform, base_distribution)

train_flow(self, train_data,
vali_data,
n_iter,
1r,



53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104

106

A.4. Normalizing Flows python class 68

batch_size,

patience):
optimizer = torch.optim.Adam(self.flow.parameters(),
1r=1r)
self.flow.train()
max_vali_loss = 1el0
min_vali_model = None
p=20
train_losses, vali_losses = [], []

for i in range(n_iter):
idx = np.random.choice(len(train_data),
size=batch_size,
replace=False)
x_batch = torch.tensor(train_datalidx],
dtype=torch.float32) .to(self.device)
optimizer.zero_grad()
loss = -self.flow.log_prob(x_batch).mean()
loss.backward ()
optimizer.step()
with torch.no_grad():
vali_tensor = torch.tensor(vali_data,
dtype=torch.float32) .to(self.device)
vali_loss = -self.flow.log_prob(vali_tensor).mean().item()
train_losses.append(loss.item())
vali_losses.append(vali_loss)
if vali_loss < max_vali_loss:
max_vali_loss = vali_loss
min_vali_model = copy.deepcopy(self.flow.state_dict())
p=20
else:
p =1
if p >= patience:
break
self.flow.load_state_dict(min_vali_model)
self.flow.eval()
with torch.no_grad():
train_tensor = torch.tensor(train_data, dtype=torch.float32).to("cpu")

best_train_loss = -self.flow.log_prob(train_tensor) .mean().item()
vali_tensor = torch.tensor(vali_data, dtype=torch.float32).to("cpu")
best_vali_loss = -self.flow.log_prob(vali_tensor) .mean().item()

print (f"best training loss: {best_train_loss:.4f}")

print (f"best validation loss: {best_vali_loss:.4f}")

print(f"|train - validation|: {np.abs(best_train_loss - best_vali_loss)
if self.plot:

plt.figure(figsize=(8, 4))

plt.plot(train_losses, label='Train loss')

plt.plot(vali_losses, label='Validation loss')

plt.xlabel('Iteration')

plt.ylabel('Negative Log Likelihood (NLL)')

plt.title('Train and validation losses')

plt.legend()

plt.grid

plt.tight_layout()

plt.show()

DLAFF")
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def

def

def

pdf (self, mass_1, mass_2, z):
or_shape = mass_1.shape
data = np.vstack([mass_1.flatten(),

mass_2.flatten(),

z.flatten(0]).T
norm_data = (data - self.mean) / self.std
data_tensor = torch.tensor(norm_data,

dtype=torch.float32) .to(self.device)
with torch.no_grad():
log_probs = self.flow.log_prob(data_tensor).cpu() .numpy ()

log_det_jacobian = -np.sum(np.log(self.std))
log_probs += log_det_jacobian
probs = np.exp(log_probs)
mask = ((mass_1 <= 0) | (mass_2 <= 0) | (z <= 0)).flatten()
probs[mask] = 0.
return np.reshape(probs, or_shape)

log_pdf (self, mass_1, mass_2, z):
return np.log(self.pdf(mass_1, mass_2, z))

sample(self, Nsamples,
mmin,
mmax,
zmax) :
ml_samples = np.random.uniform(mmin, mmax, size=Nsamples * 100)
m2_samples = np.random.uniform(mmin, mmax, size=Nsamples * 100)
z_samples = np.random.uniform(0, zmax, size=Nsamples * 100)
w = self.pdf (ml_samples, m2_samples, z_samples)
idx = np.random.choice(len(w),
size=Nsamples,
replace=True,
p=w / w.sum())
return ml_samples[idx], m2_samples[idx], z_samples[idx]
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two_catalogs_wrapper

class two_catalogs_wrapper(object) :
__init__(self, one_catalog_wrapper_popl, one_catalog_wrapper_pop2) :

def

def

def

def

def

self .population_parameters = ['mixture']
self .modell = one_catalog_wrapper_popl
self .model2 = one_catalog_wrapper_pop2

update(self, **kwargs):
self .mixture = kwargs['mixture']

pdf (self, mass_1, mass_2, z):

or_shape = mass_1.shape

pl = self.modell.pdf(mass_1, mass_2, z).flatten()

p2 = self.model2.pdf (mass_1, mass_2, z).flatten()

probs = (1 - self.mixture) * pl + self.mixture * p2

mask = ((mass_1 <= 0) | (mass_2 <= 0) | (z <= 0)).flatten()
probs [mask] = 0.

return np.reshape(probs, or_shape)

log_pdf (self, mass_1, mass_2, z):
return np.log(self.pdf(mass_1, mass_2, z))

sample(self, Nsamples, mmin, mmax, zmax):

mass_1_samples = np.random.uniform(mmin, mmax, size=Nsamples * 100)
mass_2_samples = np.random.uniform(mmin, mmax, size=Nsamples * 100)

z_samples = np.random.uniform(0, zmax, size=Nsamples * 100)
w = self.pdf(mass_1_samples, mass_2_samples,z_samples)

idx = np.random.choice(len(z_samples), size=Nsamples, replace=True, p=w/w.sum())
return mass_1_samples[idx], mass_2_samples[idx], z_samples[idx]
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