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super–p–brane interaction with SUGRA

Supersymmetric extended objects, super–p-branes and their description

Supersymmetric extended objects- especially 10D and 11D
super–p–branes, play an important role in String/M-theory and ADS/CFT.

They can be described by worldvolume actions and by supersymmetric
solutions of supergravity

A typical example of super–p–brane is supermembrane (p = 2) which
exists in D=4,5, 7 and in D=11 (where it is called M2-brane).

The supermembrane action

The supermembrane action is given by the sum of the
Dirac–Nambu–Goto (DNG) and the Wess–Zumino (WZ) terms,

Sp=2 =
1
2

∫
d3ξ
√

g −
∫

W 3

Ĉ3 =

= −1
6

∫
W 3

∗Êa ∧ Êa −
∫

W 3

Ĉ3 .

In DNG: g = det(gmn), is the determinant of the induced metric
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∫

W 3
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∫

W 3
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6

∫
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∫

W 3

Ĉ3 .

In DNG: g = det(gmn), is the determinant of the induced metric,

gmn = Êa
mηabÊb

n is the induced metric, Êa
m := ∂mẐ M (ξ)Ea

M (Ẑ ),

Ẑ M (ξ) are coordinates functions which determine the embedding of W 3

into Σ(4|4) (for D=4 N=1)

W 3 ⊂ Σ(4|4) : Z M = Ẑ M (ξ) = (x̂µ(ξ) , θ̂ᾰ(ξ)) .

ξm = (τ, σ1, σ2) are local coordinates on the worldvolume W 3

pull–back of the Σ(4|4) bosonic supervielbein form Ea to W 3,

Êa = dξmÊa
m = dẐ M (ξ)Ea

M (Ẑ ) ,

∗Êa is the Hodge dual two form ∗Êa := 1
2 dξm ∧ dξn√gεmnk gkl Êa

l .
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mηabÊb
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2 dξm ∧ dξn√gεmnk gkl Êa
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Ĉ3 = −1
6

∫
W 3

∗Êa ∧ Êa −
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Supermembrane action

The supermembrane action

Sp=2 =
1
2

∫
d3ξ
√

g −
∫

W 3

Ĉ3 = −1
6

∫
W 3

∗Êa ∧ Êa −
∫

W 3

Ĉ3 .

The second WZ term is given by integral of the pull–back to W 3 of the
three form potential defined on Σ(4|4): Ĉ3 := C3(Ẑ ),

C3 = C3(Z ) = 1
3 dZ K ∧ dZ N ∧ dZ MCMNK (Z ) := 1

3 EC ∧ EB ∧ EACABC(Z ) ,

EA := (Ea,Eα, Ē α̇) = dZ MEM
A(Z ) , α = 1, 2, α̇ = 1, 2 .

In flat superspace (SSP) Ea = dX a− i(dθσaθ̄− c.c.), Eα = dθα, C3 = c3

such that h4 = dc3 := − i
4 Eb ∧ Ea ∧ Eα ∧ Eβσabαβ + c.c. is closed,

and the action possesses a 2-parametric local fermionic κ–symmetry

iκÊa := δκẐ MEM
a(Ẑ ) = 0 , iκÊα = κα = κ̄α̇ ˜̄γβ̇α ,

γ̄βα̇ = εβαεα̇β̇
˜̄γβ̇α =

i
3!
√

g
σa
βα̇εabcdε

mnk Êb
mÊc

n Êd
k , γ̄ββ̇ ˜̄γβ̇α = δβ

α
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∫

W 3
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Supermembrane action

κ–symmetry and SUGRA constraints

κ–symmetry transformations of D = 4 N = 1 supermembrane (p = 2)

iκÊa := δκẐ MEM
a(Ẑ ) = 0 , iκÊα = κα = κ̄α̇ ˜̄γβ̇α ,

γ̄βα̇ = εβαεα̇β̇
˜̄γβ̇α = i

3!
√

gσ
a
βα̇εabcdε

mnk Êb
mÊc

n Êd
k , γ̄ββ̇ ˜̄γβ̇α = δβ

α

This κ–symmetry [de Azcarraga & Lukierski 82, Siegel 83 for p=0, Green &
Schwarz 84 for p=1, Achucarro, Gauntlett, Itoh and Townsend 89 for p=2, D=4] is
important: it reflects the supersymmetry preserved by the ground state
of the supermembrane (which is thus the 1/2 BPS state).
The supermembrane action in curved superspace possesses
κ–symmetry if Ea, Eα and H4 = dC3 obey the SSP SUGRA constraints.
The supermembrane exists in the dimensions in which the H4
constraints are consistent with SUGRA constraints.
For D = 4 N = 1 the SUGRA constraints are off–shell
⇒ one can write the superfield action of SUGRA, SSG and the interacting
SUGRA+supermembrane action SSG + Sp=2.
one can obtain the supergravity superfield equations with the
contributions of supermembrane supercurrent(s).
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iκÊa := δκẐ MEM
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Supermembrane action

We can obtain the supermembrane supercurrent varying the
supermembrane action with respect to SUGRA superfields

To this end we have to chose an appropriate off–shell SUGRA
formulation

This SUGRA formulation must allow for the existence of closed 4-form
H4 = dC3 on its (off-shell) superspace.

The standard minimal supergravity allows for the existence of such
H4 = dC3, so that the supermembrane can propagate in the off–shell
minimal SUGRA background.

But, as we will see, the supermembrane coupling to dynamical
supergravity implies an additional restriction on minimal supergravity
supermultiplet.
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Superspace SUGRA

Minimal SUGRA in superspace

Minimal supergravity constraints and their consequences can be collected in (see
[Wess & Zumino 77, Grimm, Wess & Zumino 78])

T a := DEa = −2iσa
αα̇Eα ∧ Ē α̇ − 1

8 Eb ∧ Ecεa
bcd Gd ,

Tα := DEα = i
8 Ec ∧ Eβ(σc σ̃d )β

αGd − i
8 Ec ∧ Ē β̇εαβσcββ̇R + 1

2 Ec ∧ Eb Tbc
α ,

These expressions for bosonic and fermionic torsion 2-forms involve main
superfields R = (R̄)∗, and Ga = (Ga)∗, which obey (Gαα̇ := Gaσa

αα̇)

DαR̄ = 0 , D̄α̇R = 0 ,
D̄α̇Gαα̇ = −DαR , DαGαα̇ = −D̄α̇R̄

One more main superfields enter the decomposition of the superfield
generalization of the gravitino field strength Tbc

α(Z ),

Tαα̇ ββ̇ γ ≡ σ
a
αα̇σ

b
ββ̇
εγδTab

δ = − 1
8 εαβD̄(α̇|Gγ|β̇) −

1
8 εα̇β̇ [Wαβγ − 2εγ(αDβ)R] .

It is symmetric, Wαβγ = W(αβγ), and chiral

D̄α̇Wαβγ = 0 , DαW̄ α̇β̇γ̇ = 0 .
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Superspace SUGRA

SUGRA equations of motion from superspace formulation

The superfield generalization of the Ricci tensor is

Rbc
ac = 1

32 (DβD̄(α̇|Gα|β̇) − D̄β̇D(βGα)α̇)σa
αα̇σbββ̇ −

− 3
64 (D̄D̄R̄ +DDR − 4RR̄)δa

b .

and the superfield generalization of the l.h.s. of the supergravity
Rarita–Schwinger equation reads
εabcd Tbc

ασdαα̇ = i
8 σ̃

aβ̇βD̄(β̇|Gβ|α̇) + 3i
8 σ

a
βα̇DβR ,

This suggests that superfield supergravity equation should have the form

Ga = 0 , R = 0 , R̄ = 0 .

Indeed, these⇒ ’free’ SUGRA equations of motion

Rbc
ac = 0 , εabcd Tbc

ασdαα̇ = 0 .
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Closed 4-form and supermembrane in minimal SUGRA SSP

Closed 4-form in the superspace of minimal SUGRA

The superspace of minimal supergravity allows for existence of two
closed 4-forms

H4L = − i
4 Eb ∧ Ea ∧ Eα ∧ Eβσab αβ − 1

128 Ed ∧ Ec ∧ Eb ∧ Eaεabcd R ,

dH4L = 0 ,

and its complex conjugate H4R = (H4L)∗.
We assume H4 = dC3 = H4L + H4R .
This knowledge is completely sufficient to study the supermembrane in
the background of minimal D = 4,N = 1 supergravity.

Indeed, δSp=2 = − 1
2

∫
W 3

∗Êa ∧ δÊa −
∫

W 3

δĈ3 , and, when the variation are

produced by δẐ M only, the variations of the ’potentials’ are expressed in
terms of ’contractions’ of the field strengths superforms δÊa = iδT a,
δĈ3 = iδH4

(with iδÊA := δẐ MEA
M (Ẑ ), iδ(Ωp ∧ Ωq) := Ωp ∧ iδΩq + (−)q iδΩp ∧ Ωq for

any p- and q–forms).
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Closed 3-form potential and special minimal SUGRA

Basic variations and prepotentials of minimal supergravity

The knowledge of T a = DEa and H4 = dC3 is not sufficient when one
studies the supermemrbane interaction with dynamical supergravity.

in this case, δSp=2 = − 1
2

∫
W 3

∗Êa ∧ δÊa −
∫

W 3

δĈ3 with δÊa = δEa|Z M =Ẑ M

and δĈ3 = δC3|Z M =Ẑ M with δEa(Z ) and δC3(Z ) expressed in terms of
basic supergravity variations.
Clearly δEa(Z ) and δC3(Z ) are not arbitrary as far as Ea(Z ) and C3(Z )
obey the superspace SUGRA constraints. The basic variations are free
parameters of the solution of the equations stating that the constraints
are preserved by variation.
The admissible variations of supervielbein read [Wess & Zumino 78]

δEa = Ea(Λ(δ) + Λ̄(δ))− 1
4 Ebσ̃α̇α

b [Dα, D̄α̇]δHa + iEαDαδHa − i Ē α̇D̄α̇δHa ,

δEα = EaΞα
a (δ) + EαΛ(δ) + 1

8 Ē α̇Rσaα̇
αδHa ,

where

2Λ(δ) + Λ̄(δ) = 1
4 σ̃

α̇α
a DαD̄α̇δHa + 1

8 GaδHa + 3(DD − R̄)δU

and the explicit expression for Ξα
a (δ) is not needed for our discussion.
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Superfield SUGRA equations from SUGRA action

The above expressions for δEA in terms of δHa and (DD − R̄)δU can be
used to obtains the superfield equations of supergravity from the
superspace action [Wess & Zumino 77, 78]

SSG =

∫
d4xd̃4θ sdet(EA

M ) ≡
∫

d8Z E .

To this end one calculates the variation of superdeterminant of the
supervielbein

δE = E [− 1
12 σ̃

α̇α
a [Dα, D̄α̇]δHa + 1

6 Ga δHa + 2(D̄D̄ − R)δŪ + 2(DD − R̄)δU ]

finding δSSG =
∫

d8ZE [ 1
6 Ga δHa − 2R δŪ − 2R̄ δU ] ,

⇒ the expected SUGRA superfield equations Ga = 0 and R = 0.
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Closed 3-form potential in SSP of minimal SUGRA

When supermembrane action interacting with dynamical minimal
supergravity is considered one has to vary as well the three form
potential C3.

H4 = dC3 = − i
4 Eb ∧ Ea ∧ Eα ∧ Eβσab αβ − 1

128 Ed ∧ Ec ∧ Eb ∧ Eaεabcd R
+c.c. is expressed in terms of SUGRA potentials.
Then it is natural to expect that δC3 is expressed through the same basic
SUGRA variations δHa, δU , δŪ .
However, the situation is more complicated.
In the search for δC3 = δC3(δHa, δU , δŪ) starting from δH4, one finds
that the solution exists provided the δU and δŪ are expressed
(essentially) in terms of one real variation δV = (δV )∗,

(DD − R̄)δU =
1

12
(DD − R̄)

(
iδV +

1
2
D̄α̇δκ̄

α̇

)
.

This implies certain modification of the auxiliary field sector of SUGRA,
The corresponding off–shell formulation of SUGRA which we call special
minimal SUGRA was described by Siegel [78], Siegel and Gates [79]
and Waldram and Ovrut [97]
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that the solution exists provided the δU and δŪ are expressed
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Superfield eqs. of sMin SUGRA

Special minimal SUGRA. Dynamical generation of cosmological constant

In terms of prepotential approach, the special minimal SUGRA has the
chiral compensator which is not a generic but a special chiral superfield,
constructed from real scalar prepotential V = V ∗ and not from the
complex one (D̄D̄V with V = V ∗ vs D̄D̄U with U 6= U∗ in the flat
superspace).
In terms of component formulation, in special minimal SUGRA one of
two auxiliary scalars of the generic minimal SUGRA [Stelle & West 78,
Ferrara & van Nieuwenhuizen 78] is replaced by a divergence of an
auxiliary vector, S 7→ ∂µkµ.
This seemingly minor modification has drastic consequence already in
the case of ’free’ supergravity:
it results in the dynamical generation of cosmological constant [the effect
first described in superfield context by Ogievetsky and Sokatchev
[1980]].
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Dynamical generation of cosmological constant in sMin SUGRA

Substituting (DD − R̄)δU = 1
12 (DD − R̄)

(
iδV + 1

2 D̄α̇δκ̄
α̇
)
, one finds

δSSG = 1
6

∫
d8ZE

[
Ga δHa + (R − R̄)iδV

]
−

− 1
12

∫
d8ZE

(
RDαδκ

α + R̄D̄α̇δκ̄
α̇
)
.

Thus special minimal SUGRA is characterized by the same vector
superfield equation Ga = 0,

but, instead of complex scalar superfield equation, R = 0, one obtains
only R − R̄ = 0.

Due to chirality, D̄α̇R = 0, DαR̄ = 0 and {Dα,Dα̇} = 2iσa
αα̇Da, this

implies that the complex superfield R is actually equal to a real constant,

R = 4c , R̄ = 4c , c = const = c∗ .

As far as Rbc
ac = − 3

64 (D̄D̄R̄ +DDR − 4RR̄)δa
b +O(Ga) the superfield

equations⇒ Einstein equation with cosmological constant

Rbc
ac = 3c2δb

a .

−Λ ∝ c2, c is an arbitrary integration constant⇒ cosmological constant
is generated dynamically in the special min SUGRA.
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Dynamical generation of cosmological constant in sMin SUGRA

Special minimal SUGRA variations.

Resuming the special minimal SUGRA variation of the bosonic
supervielbein and three form potential read (simplified):

δEa = Ea(Λ(δ) + Λ̄(δ))− 1
4 Ebσ̃α̇α

b [Dα, D̄α̇]δHa + iEαDαδHa − i Ē α̇D̄α̇δHa ,

δC3 = 1
3!

EC ∧ EB ∧ EAβABC(δ)

where

2Λ(δ) + Λ̄(δ) = 1
4 σ̃

α̇α
a DαD̄α̇δHa + 1

8 GaδHa + i/4(DD − R̄)δV ,

and βαβγ(δ) = 0 , βαβγ̇(δ) = 0 ,

βαβ̇a(δ) = iσaαβ̇δV , βαβa(δ) = −σab αβδHb ,

βαab(δ) = 1
2 εabcdσ

c
αα̇D̄α̇δHd + 1

2σab α
βDβδV ,

βabc(δ) = i
8 εabcd

((
D̄D̄ − 1/2R

)
δHd − c.c.

)
+

+ 1
4 εabcd GdδV + 1

8 εabcd σ̃
dγ̇γ [Dγ , D̄γ̇ ]δV .

Now we are ready to study the interacting system action SSG + Sp=2.
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Supermembrane supercurrent Ja

Supermembrane supercurrent vector superfield

Now we see that the ∝ δHa variation of the supermembrane action gives us the
vector supercurrent of the form

Ja =

∫
W 3

1

2Ê
Êb ∧ Êα ∧ Êβ σabαβδ

8(Z − Ẑ )−

−
∫

W 3

i

2Ê

(
∗Êa ∧ Êα −

i
2

Êb ∧ Êc ∧ ˆ̄Eβ̇εabcd σ̃
dβ̇α

)
Dαδ

8(Z − Ẑ ) + c.c +

+

∫
W 3

1

2 · 4!Ê
Êb ∧ Êc ∧ Êd εabcd

(
DD −

1
2

R̄
)
δ8(Z − Ẑ ) + c.c.+

+

∫
W 3

1

4!Ê
∗ Êb ∧ Êb Ga δ

8(Z − Ẑ )−

−
∫

W 3

1

4!Ê
∗ Êc ∧ Êbσ̃dα̇α

(
3δc

aδ
d
b − δ

d
a δ

c
b

)
[Dα, D̄α̇]δ8(Z − Ẑ ) ,

where Ê = sdet(EM
A(Ẑ )) and δ8(Z ) := 1

16 δ
4(x) θθ θ̄θ̄ is the superspace delta

function which obeys
∫

d8Z δ8(Z − Z ′)f (Z ) = f (Z ′) for any superfield f (Z ).
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SUGRA superfield equations

SUGRA superfield eqs and eqs. for supercurrent

The supercurrent enters the vector superfield eq. of SUGRA Ga = Ja

which follows from the action of the SUGRA+SM interacting system

S = SSG + 1
6 Sp=2 =

∫
d8ZE(Z ) + 1

12

∫
d3ξ
√

g − 1
6

∫
W 3

Ĉ3 ,

The scalar superfield equations (δS/δV = 0) reads

R − R̄ = −iX

where the real superfield X = X ∗ is given by

X = i
E

∫
W 3

Êa ∧ Êα ∧ ˆ̄E α̇ σa
αα̇ δ

8(Z − Ẑ ) +

+
∫

W 3

(
− Êb∧Êa∧Êα

4Ê
σabα

βDβ + c.c + Êb∧Êc∧Êd

2·4!Ê
εabcd σ̃

aα̇α[Dα, D̄α̇]
)
δ8(Z − Ẑ ) +

+
∫

W 3

(
i ∗Êa∧Êa

4!Ê

(
DD − R̄

)
+ c.c.+ 1

4!Ê
Êb ∧ Êc ∧ Êd εabcd Ga

)
δ8(Z − Ẑ ) .

Notice that D̄α̇Gαα̇ = −DαR and c.c. ⇒

D̄α̇Jαα̇ = iDαX , DαJαα̇ = −iD̄α̇X .
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4!Ê

(
DD − R̄

)
+ c.c.+ 1

4!Ê
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(
DD − R̄

)
+ c.c.+ 1

4!Ê
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WZ
θ̂=0 gauge

WZθ̂=0 gauge

We use the general coordinate invariance to fix the Wess–Zumino (WZ)
gauge on supergravity superfields

iθEα := θᾰEᾰ
α = θα , iθE α̇ := θᾰEᾰ

α̇ = θ̄α̇ ,

θα := θβ̆δ α
β̆
, θ̄α̇ := θβ̆δ α̇

β̆
,

iθEa := θᾰEᾰ
a = 0 , iθwab := θβ̆wab

β̆
= 0

and the local spacetime SUSY to set to zero the fermionic Goldstone
field of the supermembrane,

θ̂α(ξ) = 0 ⇔ θ̂α(ξ) = 0 , ˆ̄θα̇(ξ) = 0 .

The leading componet of supervielbein matrix has a triangular form

EN
A|θ=0 =

(
ea
ν(x) ψ

α
ν (x)

0 δβ̆
α

)
⇒ EA

N |θ=0 =

(
eν

a (x) − ψβ̆
a (x)

0 δαβ̆

)

Relation between the leading componet of Tα
ab and the true gravitino field

strength

Tab
α|θ=0 = 2eµ

a eν
bD[µψ

α
ν]

(x)− i
4 (ψ[aσb])β̇Gαβ̇ |θ=0 − i

4 (ψ̄[aσ̃b])
αR|θ=0
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a = 0 , iθwab := θβ̆wab

β̆
= 0

and the local spacetime SUSY to set to zero the fermionic Goldstone
field of the supermembrane,

θ̂α(ξ) = 0 ⇔ θ̂α(ξ) = 0 , ˆ̄θα̇(ξ) = 0 .

The leading componet of supervielbein matrix has a triangular form

EN
A|θ=0 =

(
ea
ν(x) ψ

α
ν (x)

0 δβ̆
α

)
⇒ EA

N |θ=0 =

(
eν

a (x) − ψβ̆
a (x)

0 δαβ̆

)

Relation between the leading componet of Tα
ab and the true gravitino field

strength

Tab
α|θ=0 = 2eµ

a eν
bD[µψ

α
ν]

(x)− i
4 (ψ[aσb])β̇Gαβ̇ |θ=0 − i

4 (ψ̄[aσ̃b])
αR|θ=0



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

WZθ̂=0 gauge

We use the general coordinate invariance to fix the Wess–Zumino (WZ)
gauge on supergravity superfields

iθEα := θᾰEᾰ
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WZ
θ̂=0 gauge

Current superfields in the WZθ̂=0 gauge

We find that the vector and scalar superfields have the following form,

Jαα̇|θ̂=0 =
θβ θ̄β̇

8
( 3Pa

b(x)σa
αα̇σ̃

ββ̇
b − 2δαβδα̇

β̇Pb
b(x))

−i
(θθ − θ̄θ̄)

32
σa
αα̇Pa(x)+ ∝ θ∧3

X|θ̂=0 = −
θσaθ̄

16
Pa + i

(θθ − θ̄θ̄)

16
Pa

a(x)+ ∝ θ∧3

Where we have introduced the current pre-potential fields,

Pa
b(x) :=

∫
W 3

1
ê
∗ êa ∧ êb δ4(x − x̂) ,

Pa(x) :=

∫
W 3

1
ê
εabcd êb ∧ êc ∧ êd δ4(x − x̂) =

= eµ
a (x)

∫
W 3

εµνρσdx̂ν ∧ dx̂ρ ∧ dx̂σ δ4(x − x̂)

There is no explicit supermembrane contributions to the
Rarita-Schwinger equations ,

εµνρσea
ν(x)Dρψ

α
σ (x)σaαα̇ = 0
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WZ
θ̂=0 gauge

Einstein equation in the WZθ̂=0 gauge

We calculate the Einstein eq. using the vector and scalar current
superfields,

Rbc
ac |

θ=0 , θ̂=0
= −

3
32

T2

(
Pb

a(x)−
1
2
δa

bPc
c(x)

)
+

3
64

(R + R̄)2|θ=0δ
a
b .

The last term needs a separate study,

R − R̄ = −iT2X ⇒ ∂µ(R + R̄)|θ=0 =
T2

16

∫
W 3

εµνρσdx̂ν ∧ dx̂ρ ∧ dx̂σ δ4(x − x̂)

The solution can be written in the form,

R(x) + R̄(x) = 8c +
T2

16

x∫
x0

dx̃µ

∫
W 3

εµνρσdx̂ν ∧ dx̂ρ ∧ dx̂σ δ4(x̃ − x̂)
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WZ
θ̂=0 gauge

Einstein equation in the WZθ̂=0 gauge

It is easy to check that

Θ(x , x0|x̂) :=

x∫
x0

dx̃µ

∫
W 3

εµνρσdx̂ν ∧ dx̂ρ ∧ dx̂σ δ4(x̃ − x̂)

obeys

∂µΘ(x , x0|x̂) =

∫
W 3

εµνρσdx̂ν ∧ dx̂ρ ∧ dx̂σ δ4(x − x̂) .

Then, we can writte

R(x) + R̄(x) = 8c +
T2

16
Θ(x , x0|x̂)

And finally we obtain,

Rbc
ac(x) = −

3T2

32

(
Pb

a(x)−
1
2
δa

bPc
c(x)

)
+3δa

b

(
c2 +

((
T2

128
+ c
)2
− c2

)
Θ(x , x0|x̂)

)
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Einstein equation in the WZθ̂=0 gauge
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Supermembrane contributions to Einstein equation

We can separate these contributions in three different classes

Racb
c(x) = ηab 3c2 + T2

(
T sing

ab (x) + T reg
ab (x)

)

The first one is proportional to an arbitrary integration constant

The second one contains singular terms ∝ Pc
d (x)

T sing
ab (x) = −T2

3
32

(
Pba(x)−

1
2
ηbaPc

c(x)

)
=

= −
3T2

32

∫
W 3

1
ê
∗ êa ∧ êb δ

4(x − x̂) +
3T2

64
ηba

∫
W 3

1
ê
∗ êc ∧ êc δ4(x − x̂)

The last one contains regular terms proportional to the supermembrane
tension,

T reg
ab (x) = ηabT reg(x) , T reg(x) = +

3T2

64

(
T2

256
+ c
)

Θ(x , x0|x̂) .
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∗ êc ∧ êc δ4(x − x̂)

The last one contains regular terms proportional to the supermembrane
tension,

T reg
ab (x) = ηabT reg(x) , T reg(x) = +

3T2

64

(
T2

256
+ c
)

Θ(x , x0|x̂) .



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

Supermembrane contributions to Einstein equation

We can separate these contributions in three different classes

Racb
c(x) = ηab 3c2 + T2

(
T sing

ab (x) + T reg
ab (x)

)
The first one is proportional to an arbitrary integration constant

The second one contains singular terms ∝ Pc
d (x)

T sing
ab (x) = −T2

3
32

(
Pba(x)−

1
2
ηbaPc

c(x)

)
=

= −
3T2

32

∫
W 3

1
ê
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Regular supermembrane contributions

Considering the Einstein eq. in two pieces of space time separated by
the supermembrane worldvolume

M4
+ : Racb

c(x) = 3ηab

(
T2

128
+ c
)2

M4
− : Racb

c(x) = 3ηab c2

Where M4
+ denotes the half-space where Θ(x , x0|x̂) = 1

(M4
− → Θ(x , x0|x̂) = 0)

Two branches of spacetime have different values of cosmological
constant
These values coincide if c = − T2

256 , but we do not find any reason for
such choice
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Supersymmetric solutions of the interacting system eqs.

If we search purely bosonic supersymmetric solutions (ψα
µ = 0), we

study Killing spinor equations (δεψα
µ = 0)

Dεα +
i
8

ec(εσc σ̃d )β
α Gd |θ=0 +

i
8

ec (ε̄σ̃c)α R|θ=0 = 0

Using the auxiliary field equations of motion, we obtain

Dεα +
i
2

ea (ε̄σ̃a)α
(

c +
T2

128
Θ(x , x0|x̂)

)
= 0 .

We can split this eq. on two killing equations valid in the two different
branches

M4
− : Dεα +

i
2

ea (ε̄σ̃a)α c = 0 ,

M4
+ : Dεα +

i
2

ea (ε̄σ̃a)α
(

c +
T2

128

)
= 0



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

Supersymmetric solutions of the interacting system eqs.

If we search purely bosonic supersymmetric solutions (ψα
µ = 0), we

study Killing spinor equations (δεψα
µ = 0)

Dεα +
i
8

ec(εσc σ̃d )β
α Gd |θ=0 +

i
8

ec (ε̄σ̃c)α R|θ=0 = 0

Using the auxiliary field equations of motion, we obtain

Dεα +
i
2

ea (ε̄σ̃a)α
(

c +
T2

128
Θ(x , x0|x̂)

)
= 0 .

We can split this eq. on two killing equations valid in the two different
branches

M4
− : Dεα +

i
2

ea (ε̄σ̃a)α c = 0 ,

M4
+ : Dεα +

i
2

ea (ε̄σ̃a)α
(

c +
T2

128

)
= 0



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

Supersymmetric solutions of the interacting system eqs.

If we search purely bosonic supersymmetric solutions (ψα
µ = 0), we

study Killing spinor equations (δεψα
µ = 0)

Dεα +
i
8

ec(εσc σ̃d )β
α Gd |θ=0 +

i
8

ec (ε̄σ̃c)α R|θ=0 = 0

Using the auxiliary field equations of motion, we obtain

Dεα +
i
2

ea (ε̄σ̃a)α
(

c +
T2

128
Θ(x , x0|x̂)

)
= 0 .

We can split this eq. on two killing equations valid in the two different
branches

M4
− : Dεα +

i
2

ea (ε̄σ̃a)α c = 0 ,

M4
+ : Dεα +

i
2

ea (ε̄σ̃a)α
(

c +
T2

128

)
= 0



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

Supersymmetric solutions of the interacting system eqs.

If we search purely bosonic supersymmetric solutions (ψα
µ = 0), we

study Killing spinor equations (δεψα
µ = 0)

Dεα +
i
8

ec(εσc σ̃d )β
α Gd |θ=0 +

i
8

ec (ε̄σ̃c)α R|θ=0 = 0

Using the auxiliary field equations of motion, we obtain

Dεα +
i
2

ea (ε̄σ̃a)α
(

c +
T2

128
Θ(x , x0|x̂)

)
= 0 .

We can split this eq. on two killing equations valid in the two different
branches

M4
− : Dεα +

i
2

ea (ε̄σ̃a)α c = 0 ,

M4
+ : Dεα +

i
2

ea (ε̄σ̃a)α
(

c +
T2

128

)
= 0



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

WZ
θ̂=0 gauge

Integrability conditions

Applying the covariant derivative and using the Ricci identities
DDεα = − 1

4 Rabεβσab β
α

M4
− : Rabεβσab β

α =
1
4
|c|2ed ∧ ec εβσcd β

α ,

M4
+ : Rabεβσab β

α =
1
4

∣∣∣∣c +
T2

128

∣∣∣∣2 ed ∧ ec εβσcd β
α

For purely bosonic solution preserving all SUSY the formers should be
obeyed for arbitrary εα

M4
− : Rcd

ab =
1
2
|c|2δ[c

aδd ]
b ,

M4
+ : Rcd

ab =
1
2

∣∣∣∣c +
T2

128

∣∣∣∣2 δ[c
aδd ]

b

These equations solve our equations of motion and describe the
completely SUSY solution (At least modulo singular terms)
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Final remarks

These equations contain supermembrane contributions

Indirect: Arbitrary cosmological constant generated dinamically
Direct: Shift of cosmological constant on one of the sides ∝ T2

This solution preserves 4 SUSY in M4
− and M4

+ but describes 1/2 BPS
state
because, due to the presence of dynamical supermembrane have to
restrict the local SUSY parameter by boundary conditions which clearly
break 1/2 of the SUSY on W 3

The SUSY parameter should also obey the boundary condition

W 3 = ±∂M4
± : ε̂α = ˆ̄εα̇ ˜̄γα̇α , ε̂α := εα(x̂(ξ)) , ˆ̄εα̇ := ε̄α̇(x̂(ξ)) .
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Conclusions

We have derived the complete set of spacetime component eqs. of
motion for the interacting system of dynamical D = 4 N = 1 SUGRA
and supermembrane

To obtain these we have used the WZ gauge supplemented by partial
gauge fixing of the local SUSY on W 3

The supermembrane current superfields simplify drastically in that gauge
When studying the interacting system the supermembrane produces a
kind of renormalization of the cosmological constant
The Einstein eq. acquires some non singular terms proportional to a
covariant version of the Heaviside step function
In the purely bosonic interacting system of gravity the configuration
consisting in two different Ads spaces provides a SUSY solution outside
W 3

Generically the difference of these values is proportional to the
supermembrane tension, while its basic value is determined by an
arbitrary constant independent on T2
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The Einstein eq. acquires some non singular terms proportional to a
covariant version of the Heaviside step function
In the purely bosonic interacting system of gravity the configuration
consisting in two different Ads spaces provides a SUSY solution outside
W 3

Generically the difference of these values is proportional to the
supermembrane tension, while its basic value is determined by an
arbitrary constant independent on T2
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preserving some part of SUSY

Take into account singular terms
Develop more general interacting systems including supermembrane,
supergravity and matter multiplets and compere its results with other
spacetime component studies
THANK YOU FOR YOUR ATTENTION!



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

Outlook

Outlook

An interesting subject for future study would be the search for solutions
preserving some part of SUSY
Take into account singular terms

Develop more general interacting systems including supermembrane,
supergravity and matter multiplets and compere its results with other
spacetime component studies
THANK YOU FOR YOUR ATTENTION!



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

Outlook

Outlook

An interesting subject for future study would be the search for solutions
preserving some part of SUSY
Take into account singular terms
Develop more general interacting systems including supermembrane,
supergravity and matter multiplets and compere its results with other
spacetime component studies

THANK YOU FOR YOUR ATTENTION!



Intro. Supermembrane Special min SUGRA Dynamical generation of Λ Supercurrents and SUGRA eqs. Spacetime component eqs Conclusions

Outlook

Outlook

An interesting subject for future study would be the search for solutions
preserving some part of SUSY
Take into account singular terms
Develop more general interacting systems including supermembrane,
supergravity and matter multiplets and compere its results with other
spacetime component studies
THANK YOU FOR YOUR ATTENTION!


	Introduction
	Minimal and special minimal supergravity. 
	Dynamical generation of cosmological constant in special minimal supergravity. 
	Supermembrane supercurrent and its contribution to the supergravity superfield equations
	Spacetime component equations of the D=4 N=1 supergravity–supermembrane interacting system
	Conclusions and outlook

